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1 | INTRODUCTION

Randomized experiments have become the gold standard for assessing the effectiveness of biomedical or behavioral
interventions, and the evidence collected from randomized experiments is often considered the highest grade. Even
with randomized experiments, statistical bias can arise in post hoc analysis of the experimental data and through adap-
tive designs of data collection that aim to achieve better treatment-covariate balance or higher power of verifying the
effectiveness of an intervention. This article discusses these two sources of bias.

On the one hand, while understanding and characterizing treatment effect heterogeneity from analyzing random-
ized controlled trial (RCT) data has become an increasingly important task in many scientific fields, statistical bias due
to post doc data analyses cannot be overlooked. For example, in precision health, identifying differential treatment
effects serves as an important step toward materializing the benefits of precision health. However, simply searching for
the patient subpopulation that benefited most from a treatment without accounting for subpopulation selection can
potentially result in false positive discoveries. In clinical settings, the study of treatment effect heterogeneity is often
referred to as subgroup analysis (see, Loh et al., 2019, for a review of various approaches). Classical subgroup analysis
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has been traditionally divided into stages: exploratory subgroup analysis which focuses on identifying promising sub-
groups from existing data, and confirmatory subgroup analysis which aims to evaluate a few prospectively defined treat-
ment effects in multiple subpopulations. There is often an intermediate stage in subgroup analysis where one would
like to evaluate the treatment effect of a subgroup selected post hoc from the data. Such an evaluation needs to account
for the subgroup selection process to help guide further and possibly confirmatory trials. For example, the initial clinical
trial for the medicine Vectibix (panitumumab) for metastatic colorectal cancer did not win regulatory approval but a
subgroup of patients without RAS gene mutation was found to be promising (Peeters et al., 2015). A fair evaluation of
the selected subgroup treatment effect requires appropriate statistical treatment. To find statistically valid inference on
the selected subgroup without sacrificing statistical power (from performing simultaneous inference, for instance, over
all possible subgroups), we need to tailor the method to the specific selection procedure used to identify the subgroup.
In this article, we shall review the selection bias issue that arises in subgroup analysis and summarize recent statistical
methodological developments on debiased inference.

On the other hand, while adaptive experimental designs—that allow randomization probabilities to be adapted dur-
ing the trial based on sequentially accrued data-have received much attention in the past decade (Hu &
Rosenberger, 2006; Robertson et al., 2020; Rosenberger & Lachin, 2015; Thall & Wathen, 2007; Wathen and Thall, 2017),
even without subgroup analysis, the statistical validity of classical treatment effect evaluation approaches can be chal-
lenged given that the collected data are no longer independently distributed. The first part of this manuscript reviews
some related literature on experiment design strategies and potential bias issues of some commonly adopted estimators
from a frequentist viewpoint.

The popularity of adaptive designs partiality ascribes to their potential advantages in improving statistical efficiency
and in promoting precision health. This is because when subjects are sequentially enrolled in a trial, the goal of adap-
tive designs includes, for example, learning which treatment is more promising and/or which subgroups (if any) benefit
from a treatment and subsequently changing the randomization to assign more subjects to the better treatment. Such
sequential randomization strategies have equipped adaptive designs with the ability to periodically detect subgroups
that respond favorably to a particular treatment, and then optimize personalized intervention assignment strategy based
on the inferred context. Over time, adaptive designs can result in a robust evidence-based study not only for testing the
overall treatment effect differences, but also for identifying personalized intervention strategies that are generalizable
beyond the study sample.

In the rest of this article, we first review general data collection mechanisms commonly adopted in randomized
experiments in Section 2. The purpose of this section is to provide a gentle introduction to some commonly used covari-
ate-adaptive and response-adaptive designs and point to some recently developed statistical inferential tools in the liter-
ature. We also make it clear that treatment allocation plans need to be accounted for to avoid bias and ensure statistical
validity of the analysis of data from such designs. We then describe and discuss the selection bias issue commonly asso-
ciated with subgroup analysis in Section 3, followed by several frequentist approaches to debiased inference in
Section 4.

Even though adaptive design and subgroup analysis are often considered separate topics in the literature, the need
to address the potential bias remains a common thread, because in each case, the data used for effect size estimation
and inference are no longer a sequence of independent and representative observations from the targeted population or
subpopulations. We close this article with some concluding remarks in Section 5.

2 | DATA COLLECTION MECHANISM IN RANDOMIZED EXPERIMENTS

In this section, we review three types of data collection mechanisms in randomized experiments, including completely
randomized experiments, covariate and response adaptive experiments.

To streamline the presentation and simplify the discussion, we focus on two-arm experiments, and the discussed
design strategies can be extended to multi-armed settings as well. We consider a scenario where participants are
sequentially enrolled in the experiment and respond to treatments without much delay. Let n be the total number of
enrollments. For the ith enrolled participant, let T; € {0,1} be the treatment assignment status, Y;(t) be the potential
outcome if participant i receives the treatment ¢ € {0,1}, and Y; =T;Y;(1) 4+ (1— T;)Y;(0) be the observed outcome, for
i=1,...,n. A common parameter of interest in randomized experiments is the average treatment effect (ATE),
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=E[Y(1)—Y(0)],

which measures the mean difference between the potential outcomes in two treatment arms. Furthermore, let X; be a
vector of covariates used in statistical inference after the experiment is finished, and let Z; denote the covariates used in
adaptive experiments, which could overlap with X;. Lastly, we use z; to denote the probability of allocating participant i
to the first treatment.

2.1 | Complete randomization

In traditional randomized experiments, a complete randomization (or fixed randomization) scheme is often adopted,
and the treatment assignment probability does not change as the trial progresses. When two treatments are compared
in such experiments, each enrolled participant, regardless of timing, has a fixed probability of being randomly allocated
into two treatment groups, that is

7i=P(T;=1)=constant, T;1L(Y;(1),Y;(0)), i=1,..,n,

where 1L denotes stochastic independence of random variables. Furthermore, when the experiment is completed, we
collect a random sample {(Y;, T;,X;,Z l-)}l.":1 with mutually independent observations. Such an independent structure in
the sample enables valid statistical inference for many causal quantities of interest, including quantile treatment effect
(Athey et al., 2021; Firpo, 2007; Giessing & Wang, 2021) and heterogeneous ATE (Guo et al., 2022; Guo & He, 2021;
Imai & Ratkovic, 2013; Kiinzel et al., 2019).

Complete randomization is easy for both implementation and analysis but is not always the best strategy to use.
When study participants arrive sequentially, it has been documented in the literature (Pocock, 1979) that the complete
randomization scheme may suffer from at least two potential issues. First, the complete randomization does not really
balance patients' prognostic factors such as age, gender, and disease stage that may influence the observed outcome.
Second, sampling variations may lead to unequally sized treatment groups especially when the trial size is small
(Efron, 1971). In finite samples, such imbalance implies higher variability in the statistical analysis.

To avoid these potential issues in complete randomization, adaptive clinical trials (or adaptive designs in general)
use some information accumulated during a trial to modify the experimental design as the trial progresses. As the
patient covariate and/or outcome information accumulates during the trial, adaptive design strategies allow the trial
designer to modify the treatment assignment probabilities z; and/or to drop inferior arms based on the outcomes
observed so far, often with the goal of balancing patient prognostic factors, lowering a trial's cost, reducing a trial's dura-
tion, or making more patients benefit from the better arm. The advantages of adaptive trials are widely discussed in the
literature (Berry, 2012), and, in what follows, we review two common adaptive design strategies.

2.2 | Covariate adaptive design

The first category is the covariate-adaptive randomization design. Covariate-adaptive randomization has been widely
used in modern clinical trials to balance treatment assignments across important prognostic factors. This design refers
to a randomized treatment allocation scheme that depends on participant covariate information (e.g., prognostic fac-
tors), but is independent of the observed outcomes, conditional on the covariates used in the randomization. In other
words, for the ith subject, we have

Till(Yi(1),Yi(0)) [{Zi} iy

and the allocation probability is decided by the accumulated covariate information and treatment assignment status,
that is
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i =P<Ti: 1|{T,-}j;i,{z,-}j:1)-

Rosenberger and Sverdlov (2008) provided an excellent review for covariate-adaptive randomization, some of which
stem from variations of the biased coin design first introduced by Efron (1971), including minimization (instead of ran-
domization) (Taves, 1974), stratified block adaptive randomization (Pocock & Simon, 1975), matching on the fly
(Kapelner & Krieger, 2014), and designs that attempt to minimize the variance of the treatment effect (Atkinson, 1982).
More recently, Qin et al. (2016) introduced a pairwise sequential randomization strategy which works with two or more
participants at a time to achieve covariate balancing; see also Zhou et al. (2018) for a related approach based on stage-
wise sequential re-randomization.

Upon the completion of a covariate adaptive experiment, the collected sample no longer consists of mutually inde-
pendent observations, but two “treatment balance” properties, if verified to hold, enable valid statistical inference on
the ATEs. The first treatment balance property is called the “global balance:”

%gm—n:op(l),

suggesting that the proportion of units in each treatment group converges to 0.5 as n increases. The second is called the
“covariate balance:”

3 (2T;—1)Z; »~ E, E[E] =0,

i=1

S -

where the wiggly arrow ww» denotes convergence in distribution, and € is a random vector that measures the asymp-
totic imbalance between the covariate distributions in the two treatment groups. The covariate balance property implies
that the means of the covariates in two treatment groups approach the same as the sample size increases. These two
properties together ensure that a covariate adaptive experiment achieves good balancing properties, across both treat-
ment assignments and covariates, so that unbiased statistical inference can be drawn efficiently.

In covariate adaptive experiments, whether and how to adjust for the covariates in any follow-up data analysis
has been a long-standing question. In general, bias may arise whenever we treat the data collected from covariate
adaptive experiments as completely randomized experiments. Shao et al. (2010) and Shao and Yu (2013) showed
that the simple ¢-test without using any covariate is conservative under covariate-adaptive biased coin randomiza-
tion in terms of its Type I error rate. Those authors have shown that excluding covariates used for adaptive random-
ization from statistical analyses can lead to a distortion of the sampling distribution of the test statistics, which
consequently invalidates the usual statistical inference. With discrete covariates, Ma et al. (2015) and Bugni et al.
(2018) generalized the earlier results in Shao et al. (2010), and Shao and Yu (2013) to more general randomization
schemes. Ma et al. (2020) and Wang et al. (2021) further studied the statistical properties of the covariate adaptive
designs under more general setups incorporating continuous covariates. Recent work by Ye et al. (2022) provided a
unified theoretical framework for analyzing various ATE estimators without requiring a linear model to be correctly
specified, and demonstrated that the regression adjustment estimator incorporating the covariates and treatment-
covariate interactions could be asymptotically optimal. In particular, Ye et al. (2022) showed that this regression
adjustment estimator incorporating the covariates and treatment-covariate interactions in covariate adaptive
designs has exactly the same asymptotic variance as in complete randomization (Lin, 2013). Similar conclusions
have been reached in Li and Ding (2020) for rerandomization. Those recent results raised questions about whether
the first-order asymptotic results are sufficient to compare covariate-adaptive designs with complete randomization
in realistic sample sizes.

Before we end the section on covariate adaptive design, we found that the R package carat can be used to conduct
statistical inference on the ATE. Following Ye et al. (2022), simple estimators, including the ordinary least squares esti-
mator (which can be immediately implemented in R), can also provide unbiased estimates of the ATE.
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2.3 | Response adaptive design

The second category is the response adaptive randomization (RAR) design, in which the treatment assignment proba-
bilities can be adapted during the experiment based on the accrued evidence in the outcomes, with the goal of simulta-
neously achieving the experimental objectives and preserving statistical inference validity. Here, the experimental
objectives include, for example, identifying the treatment assignment probability that maximizes the power of detecting
the treatment effect, and minimizing the expected number of treatment failures in the trial (see Hu &
Rosenberger, 2006, for a review). The RAR relies on the allocation probability of participant i as

m=P(Ti=1{T} (Y} ).

A recent article by Robertson et al. (2020) provided a comprehensive review of RAR designs from both frequentist
and Bayesian perspectives.

Over the past decades, the development of targeted therapies and precision medicine has promoted the use of covar-
iate information in RAR. In particular, when different participants respond to the same treatment differently, incorpo-
rating covariate information into RAR can improve the estimation efficiency of the ATE (Hahn et al., 2011; Zhang
et al., 2007). Whenever the covariate information is adopted in RAR, we have the covariate-adjusted response adaptive
(CARA) design (Hu et al., 2015; Sverdlov et al., 2013; Villar & Rosenberger, 2018). In such cases, the allocation probabil-
ity of participant i is decided by the accumulated outcome information, the treatment assignment status, and the
covariates, that is

m=P(T=1{T} Y 2 )-

As the sequentially collected data from RAR and CARA designs are generally not independent, conducting statisti-
cal inference on the ATE typically depends on developing martingale central limit theorems for simple difference-in-
mean estimators (which measure the mean difference between the treatment and controlled arms).

For the data collected from response adaptive experiments, without restricting the observed outcome to follow any
parametric distribution, we discuss some estimators of the ATE frequently used in the literature. First, take a look at
the simple difference-in-mean (DiM) estimator (Bowden & Trippa, 2017; Nie et al., 2018; Shin et al., 2019a, 2019b):

n

> YiT; i Yi(1-T;)

~DiM __ ~DiM _ ~DiM __ i=1 i=1

T =T T, = -—
>Ti > (1-Ty)
i=1 i=1

Its bias of the corresponding estimator of 7, = E[Y(t)], (¢t =0,1) has a closed-form expression:

Cov [nt,??‘M} n

JE[??M—@} =— , ntzz:l(T,-:t), fort=0,1.

ny

The downward bias occurs because the treatment in which we observe initial random upward fluctuations will be
sampled more, while the treatment in which we observe initial random downward fluctuations will be sampled less.
More intuitively, this negative bias can be explained heuristically following Bowden and Trippa (2017). Suppose in the
early stage of a response adaptive experiment, the treatment effect of a certain arm is overestimated because a large
number of participants experience a positive response by random chance. RAR (response adaptive randomization) will
then assign more patients to receive the seemingly beneficial arm. This means that the larger ??iM is, the larger n; is,
which creates a positive covariance between ??iM and n,;. From a practical point of view, the magnitude of such bias in
any given situation varies, and we refer to Thall et al. (2015) for some quantitative demonstration of the bias in adaptive

randomization. They showed that under some adaptive randomization design, “there is a 25% chance that one will
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overstate the actual benefit of treatment B over A by two fold or more.” Note that this bias vanishes asymptotically for
the data collected from covariate adaptive designs but not so for response adaptive designs.

A popular bias corrected estimator to accommodate over-/under-sampling is the inverse propensity score weighted
(IPW) estimator (Hadad et al., 2021; Rosenbaum & Rubin, 1983):

IRY T 1¢-Y(1-Ty)
~IPW __ ~ it - i i
4 _l’lz T l’l; 1—m; '

i=1

Since T; is randomly assigned independent of Y; given {(Y;,X;,T;) };;i this estimator is unbiased, or asymptotically

so when z; are consistently estimated. Nevertheless, the IPW estimator might suffer from two potential issues caused by
unbalanced treatment assignments during the experiment.

On the one hand, even when the true propensity scores are bounded away from zero and one, some of the estimated
propensity scores might be very close to zero or one, resulting in an inflated variance in finite samples. On the other
hand, in multi-armed bandit problems (Russo et al., 2018; Xu et al., 2013) for the best arm identification, when the
probability of assignment to inferior arms tends to zero, the inverse propensity score weights increase. This in turn cau-
ses the tail distributions of 77" to become heavier—a phenomenon known as limited overlap and positivity violation
in the causal inference literature (Azevedo et al., 2020; D'Amour et al., 2021; Ma & Wang, 2020).

A generalization of the IPW estimator is the augmented inverse propensity score (AIPW) estimator

1 [V T; T; 1< Y:(1-T;) 1-T;

~AIPW iti L\~ i i i\~
=) +1-=)m@)| - | ———+(1- o (Z;
’ n |:7Z'i ( ﬂ") 1( l):| n |: 17]7,’1' ( 17[1') 0( l):|’

i=1 t i=1

where y,(z) =E[Y(t)|Z =Z] is the conditional mean of the potential outcome given the covariates, and z,(z) is an esti-
mator of u,(z). The AIPW uses a regression adjustment, but it inherits the same drawback mentioned above for the
IPW estimator. When the limited overlap phenomenon is not a concern, we can carry out statistical inference on the
ATE either via the R package AIPW (Zhong et al., 2021) or via the R package DoubleML (Bach et al., 2021).

To partially address the issue of limited overlap, Hadad et al. (2021) and Bibaut et al. (2021) proposed a different
generalized IPW estimator with adaptive weighting, and the resulting estimators converge to normal distributions
under appropriate conditions. Instead of constructing an estimator that is robust to unusually small/large propensity
scores, some remedies have also been proposed to directly revise the Thompson sampling algorithm so that the propen-
sity scores are bounded away from zero and one (see Kasy & Sautmann, 2021, for example).

Adaptive data collection beyond the clinical trial setting has received attention in the literature. The adaptive sam-
pling problems (Bucher, 1988; Etor'e & Jourdain, 2010) and reinforcement learning algorithms (Agarwal et al., 2022; Lu
et al., 2021; Russo et al., 2018; Sutton & Barto, 2018) share a similar spirit. The literature has documented that the esti-
mation bias issues may arise in those contexts as well (Hasselt, 2010; Nikishin et al., 2022), and debiased statistical
inference needs to be used to adapt to any specific design of sampling plan or treatment allocation. The rest of the
review article, however will not discuss the broader issue of bias from adaptive designs and other adaptive data collec-
tion mechanisms but instead focus on statistical issues in subgroup analysis where subgroup selection bias needs to be
accounted for.

3 | EXPLORATORY, DEBIASED, AND CONFIRMATORY SUBGROUP
ANALYSES

After an experiment is finished, practitioners may investigate the heterogeneity of the treatment effect across multiple
study sub-populations, defined based on the pretreatment covariate information. In clinical settings, such investiga-
tions, called subgroup analysis, play an essential role in interpreting clinical trial findings toward the general goal of
precision medicine. Nevertheless, the limitation of subgroup analysis is well recognized in clinical trials, and post hoc
inference on the best selected subgroup can lead to false positives due to subgroup selection bias. In this section, we
shall provide an overview of subgroup analysis with a focus on subgroup selection bias. The existing literature on
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selection bias has been mainly for data with independent observations; and we will give a brief discussion at the end of
this manuscript for adaptively collected data.

In clinical settings, subgroup analysis includes two types of work: the “exploratory subgroup analysis” which focuses
on post hoc subgroup identification and assessments, and the “confirmatory subgroup analysis” which works with one
or a few prospectively defined subsets of the overall population. The latter often evaluates the treatment effects for the
subgroups with a new confirmation clinical trial. Because additional trials are costly and the seemingly promising sub-
group selected from exploratory subgroup analysis suffers from “subgroup selection bias,” a recent paper by Guo and
He (2021) worked toward debiased evaluation and inference for the most promising subgroup selected from the same
trial data. This intermediate step aims to help decision makers decide whether there is sufficient statistical evidence to
move forward with a confirmatory trial on the selected subgroup. As this step aims to correct the subgroup selection
bias, we refer to it as “debiased subgroup analysis.”

To better illustrate different types of subgroup analysis, we adopt notations similar to those in the previous section.
Suppose we have collected an i.i.d. sample {(Y;,T;,X;)}., from a completely randomized experiments, where Y; € R is
the outcome variable, T; € {0,1} denotes the binary treatment indicator variable, and X; € X denotes the covariates col-
lected from subject i. These covariates can be baseline measurements, and may include participants’ demographic infor-
mation, laboratory test results, or questionnaire responses.

In exploratory subgroup analysis, the goal is to find sub-populations defined by regions of the sample space X" in
which the treatment is effective or the treatment effect exceeds a prespecified threshold (Foster et al., 2011). When we
measure the effectiveness of a treatment via the ATE, exploratory subgroup analysis aims to find d possibly overlapping
subsets A; C X so that

7 =E[Yi(1) - Yi(0)|X; € Aj] #£0, or 5;=E[Y;(1)-Yi(0)|X; € 4] >c,

for j=1,...,d, with a prespecified threshold c. Other measures of the treatment effects, including log odds ratio or log
hazard ratio, can be used to quantify subgroup treatment effects as well. The candidate subgroups Aj,...,.Aq can be
either prespecified or post hoc identified from the data. When subgroups are post hoc identified, Alemayehu et al.
(2018) provided an overview of recent subgroup identification literature based on data-driven methods along with their
operational characteristics. Liu et al. (2019) discussed tree-based approaches for subgroup identification and proposed
two evaluation criteria in connection with traditional type I error and power concepts. Wei et al. (2020) discussed sub-
group identification approaches for longitudinal studies.

When candidate subgroups are prespecified, the subgroup treatment effects can be either parametrically estimated
by directly modeling the relationship between the observed outcome and treatment-by-covariate interactions
(Brankovic et al., 2019), or nonparametrically estimated via augmented inverse propensity score weighting and targeted
maximum likelihood estimators (Wei, van der Laan, et al., 2022). When subgroups need to be learned adaptively from
data, there is a growing literature on identifying heterogeneous treatment effects using machine learning methods; see
Loh et al. (2019) for a recent review. Shen and He (2015) proposed a latent logistic-normal mixture model where the
outcome is modeled via a linear model incorporating an interaction between the treatment and a latent subgroup vari-
able, and the subgroup membership probabilities are modeled by logistic regression with preselected biomarkers as the
covariates. Imai and Ratkovic (2013); Tian et al. (2014) formulated the problem on heterogeneous treatment effect iden-
tification from a variable selection perspective, and Lasso (Tibshirani, 1996) is adopted to select significant interaction
terms between the treatment and subgroup indicators. In a similar spirit, Ma and Huang (2017) adopted fusion penal-
ized approaches for grouping subgroups. Su et al. (2009); Athey and Imbens (2016); and Wager and Athey (2018) pro-
posed recursive partitioning tree approaches to identify treatment heterogeneity. Hill (2011) and Hahn et al. (2020)
adopted Bayesian additive regression tree models for treatment heterogeneity identification. Zeldow et al. (2019) further
extended Bayesian additive regression trees to a semiparametric framework.

In confirmatory subgroup analysis, the goal is to evaluate and confirm the efficacy of one or a few prespecified sub-
groups with a new experiment. These prespecified subgroups may come from clinical understandings of the disease and
the drug or from exploratory subgroup analysis in an earlier trial. Because confirmatory subgroup analysis is less
encountered in industrial or social studies, we focus on clinical settings. There, statistical methods designed for confir-
matory subgroup analysis mostly aim at controlling Type I error rate or false discovery rate when multiple subgroups
(or treatments) are under consideration (Dmitrienko & D'Agostino Sr, 2013).
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Nevertheless, we have been frequently reminded of the failure of Phase III trials to confirm a seemingly promising
subgroup identified from exploratory subgroup analysis (Kubota et al., 2014; Petticrew et al., 2012). The subgroup selec-
tion bias is a major culprit (Cook et al., 2014; Guo & He, 2021), because such bias may lead to an overly optimistic eval-
uation of the selected subgroup obtained from the exploratory subgroup analysis. In what follows, we review the
subgroup selection bias within a statistical framework and introduce the concept of debiased subgroup analysis when
candidate subgroups in exploratory analyses are prespecified.

Without loss of generality, we assume that a larger value of 7; means a better treatment effect and write the ordered
values of 7y,...,7q as 7(1) > ... > 7(4). Suppose we have constructed a consistent estimator 7; of z;, for j=1,...,d and write
the order statistics of 71, ...,74 as ?(1) >...>7(q). For practical reasons, analysts often need to select the most promising
subgroups with the highest observed treatment effects among a set of candidate subgroups Ay, ...,.44 in exploratory sub-
group analysis. The subgroup selection bias refers to the fact that the subgroups with the highest observed treatment
effects have the tendency to overestimate the effects. Take the subgroup with the observed highest treatment effect for
example, we would expect that 7,) is an overly optimistic estimate of 7(;), and the resulting bias E [?(1) — 1(1)] represents
the subgroup selection bias.

To demonstrate the selection bias issue, we consider a toy example in which the treatments are randomly assigned.
We take 1000 Monte Carlo samples from

d
Yi=05+75> 1(Xi€A)Ti+Xiy +Xia2+ e,
j=1

T; ~Bernoulli(0.5), &~N(0,1), i=1,..,n=200

where X;=(X;1,Xi2,Xi3), with (X;1,X;,) distributed as bivariate normal with X;; ~N(0,1), X;»~N(0,1),
Corr(X;1,Xi2)=0.5, and X;; ~Bernoulli(0.5), independent of (X;;,X;2). We consider cases with d € {4,8}. When
d =4, the sample space of the covariates Y =R x R x {0,1} contains the following subsets: .4; = {(0,00) x R x {1}},
Ay ={(—00,0) x Rx {1}}, A3={(0,00) xRx{0}}, and As={(—0,0) xR x {0}}. When d=8, we consider A, =
{(0,00) x (0,00) x {1}}, A ={(0,00) X (0,00) x {0}}, A3 = {(—00,0] X (0,00) x {1}}, As={(—00,0] x(0,00) x {O}},
As={(0,00) X (—00,0] x {1}}, A ={(0,00) X (—0,0] x{0}}, A;={(—0,0] X (—00,0] x {1}}, and Ag={(—00,0]%
(—0,0] x {0}}. Under this data generating process, we estimate the subgroup treatment effects by the ordinary least
squares. When we are interested in the top two subgroups with the highest treatment effects, to understand the over-
optimism of 7y and 7(,), we assume that the treatment has zero effects in all considered subgroups, that is 7; =0,
forj=1,...,d.

Flgure 1 provides the boxplots of 7(;) and 7, for d =4 and d = 8. The results clearly show that both 7(;) and 7(,) are
inflated estimators of 7(;) and 7(;) in thls example The selection bias increases with the number of candldate subgroups
under comparison. In fact, the blases (when multiplied by /n) are so large that they easily lead to false discoveries in
statistical analysis without bias adjustments.

In the above example, we generated nonoverlapping subgroups to demonstrate the selection bias issue. In cases with
overlapping subgroups, the magnitude of the selection bias will be affected by the correlation between subgroups, and
the subgroup selection bias reduces as the correlation increases. To see this point, we may consider a simple scenario
when we have only two subgroups with correlated estimated treatment effects Corr ﬁl, ﬁ2 =p and their true treatment
effects are tied ﬂl B, =0. When p is close to one, the two estimated subgroup treatment effects are likely to be very
similar (i.e., [)’1 ~ /}2) and then there is small bias in using max{ﬁl, Pot-

The selection bias issue has been widely recognized in economics, statistics, and data science at large. Several
attempts have been made to address the subgroup selection bias. Some existing procedures based on a plug-in correc-
tion of the selection bias are not well grounded (Lee & Shen, 2018), Bayesian methods tend to lack frequentist interpre-
tations (Woody et al., 2022), and simultaneous inference-based approaches tend to be conservative as they aim to
control the family-wise error rate for all candidate subgroups (Dezeure et al., 2017; Hall & Miller, 2010). Those conser-
vative simultaneous inference procedures are statistically valid but can be costly in subgroup analysis in that they may
have inadequate power to confirm the most promising or most vulnerable subgroup.

If the goal is to perform a significance test on the selected subgroup or to construct an interval estimate of the sub-
group treatment effect, it is better to focus on the selected subgroup to ensure that a probability statement can be
ensured given the selection without the need to control error rates for all the subgroups. In most applications, the
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FIGURE 1 Illustration of the selection bias issue. Panel (a) shows the boxplots of 7;) when d =4 and d = 8. issue. Panel (b) shows the
boxplots of 7, when d =4 and d =8.

selected subgroup tends to be the most promising subgroup based on the data, for example, the subgroup with the
highest observed treatment effect or odds ratio.

To address the subgroup selection bias issue, we refer to the evaluation of the best-selected subgroups as debiased
subgroup analysis, in which the goal is to provide bias-corrected point estimates and valid statistical inference for those
subgroups. To be specific, we focus on dy < d best subgroups based on observed or estimated treatment effects, and the
quantities of interest in debiased subgroup analysis are:

1. the best subgroup treatment effects in the population: z(y),...,7(4,);
2. the observed best subgroup treatment effect sizes: = where j = ZZ:J‘ (T =7)), for j=1,...,do.

In the following section, we shall review some recent methodological advancements that deliver valid statistical
inference on the above quantities.
4 | STATISTICAL METHODOLOGIES FOR DEBIASED SUBGROUP
ANALYSIS

In what follows, we review four approaches to making valid statistical inference on selected subgroups from a
frequentist point of view. At the end of this section, we will provide a discussion about their performance and potential.
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4.1 | Calibrated bootstrap

Guo and He (2021) proposed an inference method for 7(;), the best subgroup treatment effect, based on a calibrated
bootstrap approach under two assumptions. The first assumption is that all subgroup treatment effect estimators jointly
converge to a normal distribution as the sample size n goes to infinity

\/ﬁ(?l — Tl,/‘L:z — Tz,...,/fd — Td) WWV)N(O,Z),

for some covariance matrix X. The second assumption states that the bootstrap consistently replicates the sampling dis-
tribution of the subgroup treatment effect estimators, that is, conditional on the data, the asymptotic distribution of
vn (?’{ — 71Ty — T2y Ty —?d) is the same N (0,X). These two conditions are readily satisfied under a wide range of com-
monly used models and parameters.

The procedure starts with calculating a calibration term d; = (1—n""%?) (?(1) —’r}) for each subgroup j=1,...,d,
where r € (0,0.5) is either a user-specified constant or chosen adaptively by some form of cross-validation (see Algo-
rithm 2 in Guo and He (2021)). Then, one generates bootstrap replicates (?{, ...,’f;) of (71,...,74) based on an appropriate
bootstrap procedure (e.g., by sampling from all the subjects with replacement), and calculates the centered bootstrap
statistic

T = Vn(maxjo,..a(7 +d) ~ 7)) (1)

Based on B bootstrap samples (say, B=1000), one obtains B independent centered bootstrap statistics T}
(b=1,2,---,B). The level (1—a) one-sided confidence interval for z(y) is given as

[71) = 4./ V1 +0). (2)
where g, is the (1—a)-quantile of T} (b=1,2,---,B). A consistent bias-reduced estimator of 7(1) can be obtained via

- .
T(1),reduced = 7(1) _EZ Tb/\/ﬁ-
b=1

Theorem 1 of Guo and He (2021) confirms that, for any choice of r € (0,0.5) the above inference procedure for z() is
asymptotically sharp, that is, the proposed confidence interval in Equation (2) achieves the exact nominal level of cover-
age, 1 —a, as the sample size goes to infinity. This property makes the method more attractive than simultaneous infer-
ence or uniform inference methods over all subgroups, because the latter tends to be conservative leading to a loss of
power in detecting treatment effects of the selected subgroup.

The constant r in the procedure can be viewed as tuning. In fact, the procedure is closer to uniform inference over
all subgroups if r approaches zero, and the case of r=0.5 corresponds to direct (but invalid) inference on the selected
subgroup without accounting for the selection. Further studies on the effect of the tuning may help develop better data-
adaptive choices of r. For an example R code of using the method of Guo and He (2021), see https://github.com/
xinzhoug/Data/tree/MONET1-Trial.

4.2 | Resampling and tie sets identification
In the context of meta-analysis, Claggett et al. (2014) proposed a method that delivers valid inference on ordered study

parameters when independent estimates of those parameters are available. Wei, Zhou, et al. (2022) extended the
approach to more general cases. The generalization enables this approach to be used for debiased subgroup analysis.
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Suppose that all the subgroup treatment effect estimators jointly converge to a multivariate normal distribution

\/ﬁ(/’if‘[) = \/ﬁ(?l — Tl,?z — Tz,...,?d - Td) WWN(O,E),

ancli the asymptotic covariance matrix can be consistently estimated as E:Z—&—op(l), so that

Y 7 x/n(T—1)ww» N(0,I), where I is a d-dimensional identity matrix.
The procedure starts with generating replicates T = (?’1‘ ...,?";)' of 7 from the multivariate normal distribution

7 DataNN(?,i/n), (3)

~
T

and sort the elements in 7° as (1) = - 2?&1). Next, given properly chosen by and by so that by —bg = O(n~?) with
o€ (0, %) one can estimate a “near tie” set that captures subgroups that have similar effect sizes to subgroup j:

Hy) = {ke: 7)) — br <7 <T) + by, k=1,...d}.

We refer to supporting information section C.1 of Wei, Zhou, et al. (2022) for data-adaptive choices of by and bg.
Then, one calculates the averages of ?’{ ?fi and of 71, ...,74 in the estimated tie set H) as

ke™M; keH;
T(]> = 6,\0) ,and?(]) = 6,\0) 5 (4)
H) |Hg) |

where | ﬁ(/’) | denotes the cardinality of the set ﬁ(i)-
For confidence interval construction, one generates a sequence of B independent samples of ?6) as in Equation (4),
and then define % (u) to be the empirical u-quantile of the sequence. The level 1 —a confidence interval for 7 is given

by

q5)(@/2), q;(1—a/2)|, j=1,...do.

Wei, Zhou, et al. (2022) show that the above confidence interval serves as an asymptotically exact level-a interval
estimate for 7(;) and & For debiased point estimates, one can use either 7(; or the average of resampled statistics ?&) for
7(; and 4 The implementation code of the above discussed approach is publicly available on the authors’ website at
https://github.com/zyuqing1125/desubgb.

We note that a sufficient condition for the discussed approaches in Sections 4.1 and 4.2 is that subgroup treatment
effect estimates are asymptotically linear (and Gaussian). This assumption holds in a wide range of settings when the
covariate dimension is small relative to the sample size. The assumptions are not to be tested in practice, because they
are about the large-sample behavior of the estimators of effect size being used.

4.3 | Testing many moment inequalities

Some work in the econometrics literature can be adapted for debiased inference for selected subgroup effects. Cher-
nozhukov et al. (2013, 2019) consider the problem of testing the null hypothesis

Hy:7;<0, forallj=1,...,d. (5)

The inequalities 7; <0, for j=1,...,d can be called moment inequalities, and they have been studied for inference on
causal and structural parameters in partially identified models in econometrics.
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Note that the moment inequalities literature focuses on deriving powerful tests for the null hypotheses defined in
Equation (5) and does not aim to provide direct point estimates of z(;); such null hypotheses, however, can be of interest
for debiased subgroup analysis. For example, suppose a positive value of z; suggests the treatment is effective for sub-
group j. Then the rejection of the null hypothesis in Equation (5) confirms (statistically) that the best subgroup treat-
ment is effective. For this reason, we will briefly review the test proposed by Chernozhukov et al. (2019) to broaden the
toolset of debiased subgroup analysis.

Consider the maximum of the studentized statistics:

Vi,
T = max —,
1<j<d Oj

where 3]-2 is the estimated variance of /n7;. Larger values of T indicate that H is likely to be violated, so the critical
region of the test takes the form T > ¢,, where ¢, is a critical value. Various approaches for computing the critical value
¢, have been proposed. Here we describe the two-step bootstrap approach which tends to be less conservative than the
one-step approach discussed in their manuscript when the moment inequalities are strict (see comment 4.3 in Cher-
nozhukov et al. (2019)).

Let 8, € (0,a/2) be a tuning parameter, and define the set

Tp={je{l,..d}: Viiz/5;> —2¢(8,)},

where c(f,) is obtained data-adaptively from Algorithm EB or MB in section 4.2.1. of Chernozhukov et al. (2019). Intui-
tively, the set Jp aims to find subgroups whose 7; are greater than some threshold on which the critical value is based.
Next, one generates bootstrap replicates (?{ ?Z) of (71,...,74) and obtains

V(@ —3)

W — max —————> if 73 is not empty
) jeds 0
0 if g is empty.

Finally, the critical value ¢, is calculated as the (1—a+ 28, )-quantile of W* based on a sequence of bootstrapped
samples.

4.4 | Conditional (or selective) inference

Recent work by Andrews et al. (2019, 2022) considered performing conditional and unconditional inference on
observed best policies. Their approach focuses on delivering sharp inference on the selected subgroup treatment effects
conditional on these subgroups having been selected. Following the selective inference literature (Lee et al., 2016; Tay-
lor & Tibshirani, 2015), we write the goal as finding a confidence interval C; so that

}1_123 P (r; € C; | subgroupj is selected as the best one) =1—a, for j=1,..,d,

where @ is the index of the selected best subgroup.

To provide some heuristics of the conditional inference approach, we describe this approach in a simplified scenario
with two nonoverlapping subgroups being compared. To this end, suppose that their treatment effect estimators follow
the bivariate normal distribution with a known covariance matrix:

()G 2)
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Suppose further that the first subgroup is selected and the observed subgroup treatment effect in the second sub-
group is 7, = a,. Then, conditional on the selection event that subgroup 1 is selected, 7; (which is also ?g) follows a nor-
mal distribution truncated below at a,, that is

7) | subgroup 11is selected as the best &2 |71 > ay ~ TN (71,07;02,+0).

Therefore, to construct the confidence interval C;, we only need to find the quantiles of the truncated normal distri-
bution TN (1'1,6%;(12, +oo). When subgroup 2 is selected, the confidence interval C; can be constructed in a similar fash-
ion. In this setting, the confidence interval C; will have an exact asymptotic conditional coverage probability 1 — a. By
the law of the iterated expectations, we conclude that C; also has unconditional coverage probability 1 — a, that is

limP’(rAe cl) —1-a
n—oo [

When the subgroup treatment effect estimators are correlated across subgroups and when the covariance matrix of
the estimators is unknown, the conditional distribution of v is no longer as simple. At this point, we do not have much
experience in how the selective inference approach compares with the others.

5 | DISCUSSION AND OPEN PROBLEMS

In this article, we have discussed two sources of statistical bias in the analysis of adaptive experiments and in post hoc
subgroup analysis, respectively. Awareness of possible bias due to adaptive data collection and data snooping has led to
ongoing research in debiased inference, some of which has been briefly reviewed here.

For adaptive experiments, we have reviewed three data collection mechanisms including complete randomization,
covariate adaptive randomization, and response adaptive randomization. Complete randomization removes bias by
design but unbalanced covariate distributions between the treated and controlled arms may lead to increased variabil-
ity. Covariate adaptive randomization can reduce such variability by adaptively balancing the covariate distributions
when participants are sequentially enrolled. Response-adaptive designs can be used to help accelerate the adoption of
better treatments but require appropriate debiased inference methods.

For debiased subgroup analysis, we have reviewed four methods from a frequentist point of view. For the calibrated
bootstrap, the tie set identification, and the moment inequality approach, the selection of a tuning parameter is impor-
tant for achieving good performance in finite samples. Direct comparisons of those methods need to take the tuning
parameter into account. In practice, the candidate set of tuning parameters can be prefixed before carrying out the
debiased subgroup analysis. In addition to the methods reviewed here for conducting debiased subgroup analysis on
the selected best subgroups, we certainly have simultaneous inference procedures in the statistics literature. Those
methods aim to cover all subgroups and therefore tend to be conservative and consequently may have inadequate
power to confirm the most promising subgroups. Testing the null hypothesis that there is no subgroup treatment effect
at all is one way to avoid simultaneous inference. We refer to Shen and He (2015) and Sun et al. (2022) for some work
in this direction. Bayesian methods can be adopted to remove the selection bias as well. For example, from an empirical
Bayes point of view, Efron (2011) proposed a method to handle the winner's curse bias with Tweedie's formula. More
recent work by Woody et al. (2022) and Woody (2020) studied the selection bias issue and postselection inference from
a Bayesian perspective.

Our review of adaptive experiments is certainly not comprehensive. For example, subgroup analysis in adaptive
experiments is implicitly performed in some clinical trials, such as adaptive enrichment designs that allow practitioners
to use interim data to identify treatment-sensitive patient subgroups by sequentially changing patient enrollment
criteria; see some frequentist enrichment designs in Simon and Simon (2013); Lai et al. (2019); Gotte et al. (2015);
Stallard (2022) for example.

This article reviews a number of debiased inference methods that are recently developed for subgroup analysis and
for adaptive designs. Going forward, we expect more research in those areas. For example, the validity of inference on
selected subgroup effect size has been proven with predefined candidates of subgroups but more needs to be done for
more flexible and possibly more greedy search of subgroups from the data. Data-adaptive tuning parameters also need
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better development and more testing for the inferential methods discussed in this article. If adaptive designs are used,
whether it is covariate adaptive or response adaptive or both, subgroup identification and inference needs to account
for the characteristics of the design. Debiased inference for selected subgroups with data from adaptive designs is little
developed so far and calls for future research.
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