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ARTICLE INFO ABSTRACT

JEL classification: In program evaluation studies, understanding the heterogeneous distributional impacts of a
C12 program beyond the average effect is crucial. Quantile treatment effect (QTE) provides a natural
C13 measure to capture such heterogeneity. While much of the existing work for estimating QTE has
Keywords: focused on analyzing observational data based on untestable causal assumptions, little work has
Semiparametric statistics gone into designing randomized experiments specifically for estimating QTE. In this manuscript,
Adaptive design

we propose two covariate-adjusted response adaptive design strategies—fully adaptive designs
and multi-stage designs-to efficiently estimate the QTE. We demonstrate that the QTE estimator
obtained from our designs attains the optimal variance lower bound from a semiparametric
theory perspective, which does not impose any parametric assumptions on underlying data
distributions. Moreover, we show that using continuous covariates in multi-stage designs can
improve the precision of the estimated QTE compared to the classical fully adaptive setting. We
illustrate the finite-sample performance of our designs through Monte Carlo experiments and
one synthetic case study on charitable giving. Our proposed designs offer a new approach to
conducting randomized experiments to estimate QTE, which can have important implications
for policy and program evaluation.

Heterogeneity

1. Introduction
1.1. Motivation

Randomized experiments have become increasingly important in evaluating the effects of drugs, social policies, or economic
theories. Results obtained from well-designed randomized experiments are considered the most reliable evidence and have become
the gold standard for assessing the effectiveness of interventions. As randomized experiments can be costly and time-consuming, it
is crucial to design them carefully to achieve specific objectives, such as reducing the variance of the estimated average treatment
effect (ATE) or identifying which subgroups benefit from medication.

While existing literature often measures treatment effectiveness through the ATE, it is also important to capture the distributional
impact of treatment beyond the ATE. One approach to achieve this is by estimating the quantile treatment effect (QTE), which
measures the quantile differences between the distributions of treated and control outcomes (Firpo, 2007). In particular, when
outcome variables have skewed distributions, such as income and donation amount, the QTE provides a more informative measure
of the treatment than the classical ATE. For example, in studying the effectiveness of a job training program, it may be more
relevant for public policy to examine the treatment effect on the lower tail of the earnings distribution rather than the center.
Another example is studying the effectiveness of a matching grant on charitable giving, where the mean treatment effect tends to
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be marginal, but the difference between the upper quantiles is significant (Karlan and List, 2007). In such cases, a QTE-targeted
randomized experimental design may be more desirable.

In addition to careful selection of an experimental target parameter, efficient randomized experimental designs often make
efficient use of the evidence collected during the experiment. This motivates us to deviate from classical randomized experiments,
in which the treatment is assigned with a constant probability throughout the experiment. Instead, we allow randomization
probabilities to be adapted during the experiment based on the accrued participant responses. These designs are referred to as
response adaptive randomization (RAR) designs and have been shown to have several advantages over simple randomization and
balanced allocation in sequential biomedical trials or experiments.

In practice, experimenters often have access to covariate information about participants, such as their preferences or past
activities, prior to participant arrival. This information can be used to allow the randomization probability to vary depending on the
observed covariate values. Consider an example in A/B tests, where an internet company is interested in comparing two promotion
strategies, A and B, that are displayed to users on the company website. The comparison could be based on the performance (such as
click or not click) of a strategy that is taken expectation over a randomly arrived user. As an extreme case, a user group with some
specific covariate information never chooses Strategy A, and hence, their measured outcomes have no variation. This suggests that,
ideally, the allocation probability of Strategy A in this user group should be set to zero. In such cases, the availability of covariate
information and the variability of treatment effect variances across user subgroups provide a natural opportunity to improve RAR
design efficiency. This type of design, known as covariate-adjusted response adaptive (CARA) randomization (see Hu et al., 2015, for
example) design, takes advantage of the variability in treatment effects across participant subgroups to improve design efficiency.

Existing literature on CARA designs typically incorporates covariate information by either assuming a parametric model for the
conditional mean of the potential outcome given the covariates (see Zhang et al., 2007; Zhu, 2015; Hu et al., 2015, for example),
or by stratifying participants into pre-fixed strata based on their covariate information, whether it is continuous or discrete (see
Rosenberger and Sverdlov, 2008; Bandyopadhyay and Biswas, 2001; Zhao et al., 2022; Atkinson et al., 2011; Baldi Antognini and
Zagoraiou, 2011; Antognini and Zagoraiou, 2012, for example). However, there are potential limitations with both approaches. For
instance, misspecification of the parametric model can undermine the statistical validity of the proposed CARA design strategies,
while the finite number of values of the covariate can lead to under-utilization of covariate information (Aletti et al., 2018).
Furthermore, when the covariate takes a continuum of values, it is not possible to accumulate a sufficient number of observations
under each covariate value with a pre-fixed sample size, which can also lead to a loss of efficiency in existing CARA designs. As
such, it is necessary to explore nonparametric methods for estimating the conditional mean of the outcome variable and to develop
new CARA algorithms that can handle continuous covariate information efficiently.

In this manuscript, in response to the concerns raised regarding existing CARA designs, we propose two CARA design frameworks
addressing the following research questions: First, when we do not assume a parametric model for the conditional outcome given the
covariates, how much improvement in efficiency can be achieved for estimating the QTE by using covariate information to assist the
experimental design, compared to using RAR without the covariate information? Second, when covariates take continuous values,
can we design a CARA strategy that maximizes the use of available covariate information and produces a causal effect estimator
that achieves the best achievable variance lower bound for estimating the QTE asymptotically?

1.2. Our contribution

In this manuscript, we develop two new CARA experimental designs and theoretical insights toward efficiently learning quantile
treatment effects. We elaborate our contribution as follows:

We introduce a design-based optimal variance lower bound for estimating the QTE from a semiparametric theory point of view,
meaning that this variance lower bound does not rely on any distributional assumptions on the collected data. This design-based
optimal variance lower bound is attainable if the treatment is assigned during the experiment accounting for both the fluctuations
of treatment effect variances occurring across participants with different covariate information and the density of the potential
outcomes. We propose two CARA strategies-the multi-stage design and the fully adaptive design-both achieving the optimal
variance lower bound for estimating the QTE. Both of these designs allocate treatment assignments for incoming participants
based on all available information from previous participants, including treatment assignments, responses, and covariates, while
also incorporating the incoming participant’s covariate information.

We demonstrate the trade-offs between the two designs in terms of practical implementation, theoretical justification, and
simulation studies. From a theoretical justification perspective, when covariates are discrete, both designs achieve the same optimal
variance lower bound as the sample size tends to infinity. Nevertheless, in finite samples, our simulation results in Section 5 show that
fully adaptive designs tend to outperform multi-stage designs potentially due to their frequently updated randomization probabilities.
In contrast, when covariates are continuous, multi-stage designs provide more efficient QTE estimators than fully adaptive designs,
as classical fully adaptive designs need to stratify continuous covariates. Our theoretical investigation (Theorem 3) and simulation
results (Section 5) both support this conclusion. From a practical standpoint, multi-stage designs may be preferred in clinical or
social experiments where experimenters have limited opportunities to revise experimental effort allocation during the experiment,
as demonstrated in studies such as Karlan and Zinman (2008) and Gertler et al. (2012). Fully adaptive designs are more suitable
for digital experiments, such as online A/B testing or digital clinical trials, where sequentially allocating experimental efforts in a
large number of stages is practical and less costly, as shown in studies such as Kharitonov et al. (2015) and Robertson et al. (2020).
To demonstrate the practical performance of the proposed designs, we apply them in a synthetic case study in which the goal is to
estimate the quantile treatment effect of matching grant on charitable giving.
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Furthermore, we establish the asymptotic normality of the estimated QTE using the data collected from the proposed CARA
designs. To ensure accurate inference on the QTE, we prove that the proposed variance estimator is a consistent estimate of the
optimal variance lower bound. Importantly, neither the QTE estimator nor the variance estimator relies on a correctly specified
model for the conditional distribution of the outcome given the covariates. To properly characterize the statistical properties of
our proposed design, it is necessary to employ techniques that account for the reliance on adaptively estimated quantile treatment
effects for both the estimated sequential randomization probabilities and the density function of the potential outcomes. Therefore,
we need to develop novel techniques that go beyond the existing literature. Finally, we use semiparametric theory to demonstrate
the efficiency gain of multi-stage designs that take continuous covariates into account when compared to fully adaptive designs
(Theorem 3). This comparison helps to provide a more comprehensive understanding of the strengths and weaknesses of each
design strategy.

1.3. Related literature

In economic research, quantile treatment effects are often explored to examine treatment heterogeneity. For example, under
the unconfoundedness assumption, which states that there are no unmeasured confounding variables that affect both the treatment
and the (potential) outcomes, Firpo (2007) develops a semiparametric efficient QTE estimator, and Cattaneo (2010) extends this
estimator to multiple treatments. More generally, Chen et al. (2008) study the semiparametric efficiency bounds of parameters
defined through general nonlinear and over-identified moment conditions. Chen et al. (2003) the consistency and asymptotic
normality of a class of semiparametric optimization estimators, where the objective function does not adhere to standard smoothness
conditions. When the unconfoundedness assumption does not hold in observational studies, Chen et al. (2019), Chernozhukov and
Hansen (2005, 2006) and Abadie et al. (1998) illustrate how instrumental variables can be employed to identify QTE. In contrast,
our proposed QTE estimators have a similar structure to Firpo (2007), as the treatment assignment mechanism in randomized
experiments fulfills the unconfoundedness assumption during the data collection stage.

In contrast to our CARA design, another widely-used approach is covariate adaptive randomization (CAR). CAR involves
randomizing treatment allocation based on participant covariate information and is commonly used in clinical trials to balance
treatment assignments across important prognostic factors (Rosenberger et al.,, 2001; Zhang et al., 2007). Earlier variations of
CAR include minimization (instead of randomization) (Zelen, 1974), and stratified block adaptive randomization (Pocock and
Simon, 1975). Rerandomization has been studied to improve covariate balance by Morgan and Rubin (2012, 2015). Antognini
and Zagoraiou (2015) provides asymptotic results for adaptive designs for treatment comparison, both with and without covariates.
While the majority of the current CAR literature focuses on estimating ATE, recent works by Jiang et al. (2023) and Zhang and
Zheng (2020) have explored the estimation of QTE under CAR. When the covariate information is incorporated in RAR, we have
the CARA design (Hu et al., 2015). In such cases, the allocation probability of a participant is determined by the accumulated
outcome information, the treatment assignment status and the covariates. Aletti et al. (2018) proposes nonparametric CARA design
based on a functional urn model. Anderson and Mckenzie (2021) conducts a randomized experiment in Nigeria to test the relative
effectiveness in improving business practices. Zhao et al. (2022) first classifies covariates into predictive and prognostic covariates,
and proposes a new family of CARA designs. Lastly, Zhu and Zhu (2023) proposes a family of semiparametric approaches that
use the target maximum likelihood estimation to analyze the correlated data from CARA designs. Their proposed method allows to
incorporation of the effect of a large number of covariates on the responses without model misspecification.

2. Design-based optimal variance lower bound

In this section, we introduce a design-based optimal variance lower bound for estimating the quantile treatment effect. This
optimal variance lower bound allows us to see how covariate information may be used to improve experimental design efficiency
in CARA. Here, we measure the efficiency of the design by evaluating the asymptotic variance of the constructed causal effect
estimator. We are also in a scenario where the covariate information can take continuous value in a bounded set.

We start by introducing the notations to be used throughout this manuscript. Let A € {0, 1} denote the treatment assignment
status. Following the Neyman-Rubin causal model, let Y (a) be the potential outcome if the subject receives the treatment a € {0, 1},
and the observed outcome Y = AY (1) + (1 — A)Y(0). Let = be a real number in (0, 1). For a given quantile level 7, the QTE refers to
the difference between the quantiles of the distributions of the potential outcomes in the treated and controlled groups:

a, = Ql(T) - Q()(T),
where
Q,(0)=inf{yeR : Fy,,(») 27},

is the quantile function of the potential outcome in the treatment arm a evaluated at a percentile level z. Next, let X denote the
pre-treatment covariates defined on the sample space X c R¢. Here, the covariates X can contain both continuous or discrete
variables. As in clinical studies researchers may intentionally discretize continuous covariates to enhance interpretability, we also
denote Z as the discretized covariate X.

For all x € X, suppose the treatment is randomly assigned based on the propensity score e(x) = P(A = 1| X = x). When researchers
use discretized covariate in the experiment, we denote such propensity scores as e(z) = P(A = 1|Z = z). When the treatment
assignment is independent of the potential outcomes conditional on the covariate, that is,

ALY, YO)IX=x, xei,
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Firpo (2007) provides the semiparametric efficiency bound Vgpgg , for estimating the QTE:
v . o1 (X) . g (X)
SPEBT T P2@e) T £20)(1 - e())
N [E[WT(Y —0@)IX.A=1] E[y, (Y -0y)1X. A=0] i
f1(®) So(o) ’

(€Y

Here, for a € {0, 1}, f,(7) £ f,(Q,(x)) is the marginal density of the potential outcome Y (a) evaluated at Q,(r), 62(x) = Var [y (Y —
Qa(r)) ‘X =x,A= a] is the conditional variance of the quantile rank score of the potential outcomes, where vy (u) = 7 — 1(u < 0).
The semiparametric efficiency bound Vgpgg , provided above is dependent on the treatment assignment. If we know f,(7) and
62(x), we can hypothetically choose how the treatments are assigned to achieve the lowest possible variance in the estimated QTE.
More concretely, this can be achieved by assigning treatment based on an optimal propensity score e*(x):
0,0/ f1(x)
61(X)/ f1(®) + 5g(x)/ fo(7)’

If we assign the treatment using e*(x), the optimal variance lower bound of estimating QTE is:

2
Voptinal, =E [ <a.(X> N GO(X)>

ef(x) =

S1(®) Jo(®) @
. [E[wr(Y —0i@)IX.A=1] E[y (Y -0y®)IX,A=0] ]2
f® fo® '

The optimal variance lower bound result suggests that if we have perfect knowledge about the marginal density of potential
outcomes and how the conditional variances of the quantile rank score of potential outcomes vary across different covariate values
x, we can construct a QTE estimator with the lowest possible variance Voptina1 .- In practice, when we neither have prior information
on af(x) and f,(z) nor are willing to assume them to follow parametric models which can be arbitrarily misspecified, CARA offers an
ideal environment to sequentially discover the conditional variability of the outcome variable given the covariates as the experiment
proceeds.

In the following section, we propose two CARA design strategies that ultimately provide QTE estimators that attain the optimal
variance lower bound Voptina1 - It is worth noting that the variance lower bound is influenced by the choice of covariates used in the
randomization process. Specifically, the use of continuous covariates versus discretized covariates can result in different efficiency
bounds (refer to Theorems 1 and 2 for more detailed results).

3. Data collection mechanism and design strategies

In this section, we provide two CARA experimental design strategies that provide efficient QTE estimators attaining the derived
variance lower bound Vpptina1 .- To better synthesize the two proposed design strategies, we start by introducing a general data
collection mechanism of two-arm adaptive experiments.

3.1. Data collection mechanism

Suppose experiment participants are sequentially enrolled in different stages ¢+ = 1,...,T, and respond to treatments with no
delays. We denote the number of participants contained in stage 7 as n, and the total number of participants N, = Z,T:1 n,, and
let N, = Y'_, n, denote the cumulative sample size up to stage ¢. For the ith enrolled participant in the tth stage, we introduce an
ancillary stage variable S; € {1,...,T} that records the stage of the ith participant is enrolled in the experiment. Each stage has
enrolled a proportion of r, patients with

T
P(S;=0=r, Yr=1L
=1

The observed outcome in such multi-stage randomized experiments can thus be written as

T
Y= Y s (AXD + (1= 4)Y,0).
t=1

In line with existing literature on response adaptive designs (Hu and Rosenberger, 2006), we are also in a scenario where the joint
distributions of the potential outcomes and covariates collected in different stages do not shift over time. As adaptive experiments
allow practitioners to revise the treatment assignment probability sequentially in multiple stages, we denote such sequential
propensity scores for the subject with either covariate x or discretized covariate z enrolled in stage ¢ as

e(x)=PA; =1|X;=x,85,=1, e()=PA,=1|Z=z2._5=1).

In the following section, we propose two design strategies that can accommodate different types of covariates, either original
ones (X) or discretized ones (Z). In fully adaptive experiments, where T may be large and #, is small, treatment assignment needs
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to be updated frequently, making discretization of covariates a common practice in these designs. Note in the fully adaptive design,
we do not restrict n, to be one. From a practical perspective, this means that it is not completely necessary to adjust the treatment
assignment mechanism each time a new subject is enrolled. Rather, we can make revisions to the treatment assignment mechanism
after enrolling a few subjects. From a theoretical point of view, if n, is set as a fixed constant, whether it is one or five, as long
as it remains a fixed positive integer, it will not affect the theoretical properties of our design (as sample size N is of the same
order as the stage number 7). In multi-stage designs, where T may be small and n, is large, each stage has enough data to estimate
unknown parameters, making it more feasible to directly incorporate continuous covariates.

3.2. Design strategy I: Fully adaptive design

In this section, we provide our design strategy in the classical fully adaptive setting (that is, small n, and T — o0) with discretized
covariates Z. Fully adaptive designs can be more preferable in digital experiments, such as online A/B testing or digital clinical
trials. For example, in online A/B testing, an internet company aims to compare two promotional strategies, A and B, showcased
on its website. This is done by directing users into two groups, with each group exposed to a different promotional strategy. The
effectiveness of each strategy is measured based on the averaged user responses (such as clicking or not clicking). Typically, an A/B
test sets a total sample size of N users, where each user is presented with Strategy A (with a probability e) or Strategy B (with a
probability 1 — ¢). In a digital environment, due to the ability to quickly process user feedback and adjust parameters in real-time,
it is feasible to rapidly adjust the randomization probabilities. Therefore, we believe that a fully adaptive design, which allows
for continuous modification of these probabilities based on ongoing results, may be more suitable in such contexts. This is also
demonstrated in studies such as Kharitonov et al. (2015) and Robertson et al. (2020). In these digital experiments, the treatment
assignment can be updated in real-time based on the accumulated data, allowing for efficient use of resources and faster evaluation
of treatment effects. Our design strategy proceeds as follows:

Stage 1. Assign each enrolled subject i=1,...,n, to the treatment arm with a pre-specified propensity score e,. At the end of stage 1, we
collect observations {(Y;, A;, Z,)}"" ', for these enrolled subjects where Z; denotes the discretized covariate for subject i.

As we do not have prior mforrnatlon about the enrolled participants, stage 1 serves as an exploration stage in which we hope
obtain initial estimates of the unknown quantities.

Stage 1, for t = 2,...,T — 1. Given the estimates of the unknown quantities obtained in stage t — 1 shall be shown in Egs. (3)-(5), we
calculate the estimated optimal propensity score for stage t with

81,:-1(2)/ﬁ,r—1(f)
811D/ Fry1 (0 + 8,1 (2] Joum1 (7)

We then allocate subjects enrolled in stage t to the treatment arm according to the estimated optimal propensity score ¢,(z) for stage t, and
collect data {(Y;, A;, Z; )}I N, +1 for these individuals enrolled in stage t.

Using the data {(Y;, A )} , collected up to stage ¢ and the estimated optimal propensity scores {¢,}_,, we estimate the quantile
treatment effect Qa (1) by solv1ng the following optimization problem:

e(2) =

& 1(A; =a)

t
o 1
0,(1) = argmm Z ~ o ARNZ)+ (- A, 2(1-2.2))

fg: 1i=N

p:(Y; —w), 3

where p,(a) a - (1 - 1(a < 0)) is the check-loss function. Then, we update the estimates of unknown quantities to

~

{?t‘lzt(z) (z) 140, fo,(r)} In particular, & (z) is the sample variance of (1(Y; < Qa’,_,(r)) —t)for A, =a,Z;=z,i=1,...,N;:

P {1 (Y,. < éa’,_l(r)> - ‘r} 1A =a,Z = 2)
3;(2) = = , a€{0,1}. 4)
TV 14 = a2, =2)

fa,,(r) is an estimator of the density f,(r) at the end of stage 7, and can be obtained via the standard kernel estimation method

. Y, =041 (@)
Fru®) = Z/ch, (T””)lmi —a). ae{01), ®)
‘” i=1

where N, = Zl‘l 1(A; = a), K, () is the kernel function and 4, is a bandwidth (see its data-driven choice in Section 5.1).
Statistical inference after stage T. At the end of stage T, we construct the QTE estimator along with its variance estimator:
a = él T(T) - éo 7(7),

TFA _Z Z (Urn‘+Srn)

Trl:N,1+1

©)

where
6~ A w0 1-4 w.(i-0y0)
MTZ) [0,y 1-&(Z) 0y
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c I v 4 w0i-0) 1-4  p0i-0yw)

T SN z-2)A@@7 T fGw)  0-A@P ]Gy
-(A; —e(Z).

T,it

] NZ=2Z)

1
Together with our theoretical results in Theorem 2, we construct a 95% level confidence interval for o, with [iiT +1.96x V2, A].
3.3. Design strategy II: Multi-stage design

In this section, we consider multi-stage designs. Unlike fully adaptive designs, where the treatment assignment strategy is
modified for an infinite number of times (large T), multi-stage designs allow for finitely many modifications of the treatment
assignment strategy. Therefore, the multi-stage design under consideration has a small T but a large n,, for ¢ > 1. Although multi-stage
designs only revise the treatment assignment for finitely many times, they have clear benefits in successfully handling continuous
covariates and being more efficient asymptotically (as shown in Theorem 3). Without loss of generality, we start with showcasing
the design strategy when 7" = 2.

In the initial stage of the experiment, we lack prior knowledge about the underlying data distribution. Therefore, we randomly
assign all enrolled participants to either the treatment or control group with a pre-specified probability ¢, = P(A = 1), which is
independent of any observed covariate information:

Stage 1. Assign each enrolled subject i = 1, ..., n, to the treatment arm with probability e,, irrespective of their covariate values, and collect
observations {(Y;, A;, X i)}:'=‘1 for these subjects.

Then, in the second stage, we choose the treatment assignment probability e,(x) based on the individual’s covariate information
to minimize the variance bound in Eq. (2). This means that we need to choose an optimal e,(x) that minimizes the following variance
bound, that is

o1 (0)/f1(@) o5/ f3(@)
riep+re () i (1-e)) +r(l-ex)

min  V(e,(x)) £
e(x)

The closed-form solution of the above optimization problem yields an optimal propensity score:
* 1 { o1(0)/ f1(7) }
== - . )
R S GEL G

This optimal ¢} (x) yields a design that provides an estimate of the quantile treatment effect with minimum (asymptotic) variance
V(ey) = Voptimal- BY replacing the unknown quantities with their estimates, Stage 2 of our design proceeds as follows:

Stage 2. Assign subjects i = n; + 1,...,n; + n, in the second stage to treatment with probabilities &,(X;):

" I 30/ /@)

e2(x)= — {A Al /fj — —rlel}. (8)
"2 6,0/ f1(x) +6p(x)/ fo(7)

Here, we estimate the conditional variance with a polynomial approximation using the stage 1 data, that is.
“ 1Y, < 0, (7)) — 7)?

20 = o Y K, X <0 707 ) gy, = o) ©)

ol =0 7 he

where A, is bandwidth (see their data driven choice in Section 5.1). If X is a discrete variable, we adopt the sample variance
estimator in (4). Similar to the estimator of the quantile treatment effect in the fully adaptive design in Eq. (3), the one-stage
quantile treatment effect Q,(7) is estimated with

n

~ . 1 I(Ai =a)
Q,(r) =arg min —
’ ueR ny &= Ae; +(1-A)(1—e))

p:(Y; —u).

The density estimator fa(r) of the potential outcome Y(a) evaluated at éa,1(7) is obtained similarly to that in Eq. (5). Here, we
calculate the density estimator f,(r) with the data collected from stage 1. We estimate the optimal propensity score in Eq. (7) with
its sample analogue.

Statistical inference after two stages. At the end of the second stage, we estimate Q,(r) with

~ 1 ¥ 1(4;, = a)
Qaz(r) = argmmin 2 AGX) +(1— A)(1 - 6(X,))

i=1

p.(Y; —uw),

where €(x) = re; +r,é,(x), and N = n; +n,. We then construct the QTE estimator along with its variance estimator and confidence
interval using:

(ﬁr,i + §r,i)2’ (10)

M=

~ PN PN S 1
a; = Ql,z(T) - Qo,z(’f), Vr,TS = N
i=1
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where
0 oA wi-0@) -4y -0y
MRXD  £0,0) 1-2X)  fy(0y(2)
$ sl a4 v -0 1—A v, (Y —0y(x) R
S‘r,i=—E . —— + . — |X=Xl '(A,-—E(Xi)).
aXP [0y =802 fy@o) ]

Similar to Section 3.2, the conditional expectation in §T‘,, can be estimated by a polynomial approximation. A 95% level confidence
1
interval for a, can be constructed with [af 196XV ¢

In a more general multi-stage design with 7 > 2, for the final estimator of the QTE to attain the optimal variance lower bound
in Eq. (1), the optimal propensity scores (e (x), ..., e (x)) should satisfy the following equation:

T

z ref(x) =e*(x) = 01(x)/ f1(7)
P B 010/ f1(0) + 6(x)/ fo(®)

where n,/N — r, as N - o, ZL ,+ =1 and r, is a positive constant bounded away from 0 and 1. Similar to the two-stage design, in
the first stage, we can randomly assign the treatment with e,(x) = ¢; € (0, 1) independent of any observed covariate information. For
subsequent stages s = 2, ..., T, we update the estimates of ¢,(x) and f,(z), for a € {0, 1}, using the cumulative data up to stage s — 1
following the derivation provided in Egs. (5) and (9). Treatment assignments in these stages are based on the estimated propensity
score, determined by the equation:

s

" 6,0/ f1(0)
Z e (x) = — = ~ ~
1=1 01(x)/ f1() +5y(x)/ fo(7)

where &,(x) and fa(r) denote the estimates of o,(x) and f,(r) using the accumulated data up to stage s — 1. Finally, we estimate
Q,(r) with

N

Q (r) = arg min L Z 104, = p, (Y, —u)
of ek N & aex)+(-ap(i-exy) "

where e(x) = Z,T=1 r.e;(x). The corresponding QTE estimator, along with its variance estimator and confidence interval, can be
estimated according to Eq. (10).

4. Theoretical property

In this section, we establish the theoretical guarantees for the QTE estimators obtained from both the two-stage and fully adaptive
design procedures. Specifically, we prove that both designs provide root-N consistent estimators for «,, and these estimators are
asymptotically normal with asymptotic variances that attain the semiparametric efficiency bound. Additionally, we demonstrate the
consistency of the estimated optimal propensity score in both designs. Lastly, we provide an efficiency comparison between these
two proposed designs.

As suggested by the data collection mechanism in the previous sections, we work under the following assumptions:

Assumption 1 (Unconfoundedness Assumption Reached by the Design). (i) For the multi-stage design, given the covariate X, the
potential outcomes are jointly independent from the treatment A: (Y(1),Y(0)) L A | X; (ii) For the fully adaptive design, given the
discretized covariate Z, the potential outcomes are jointly independent from the treatment A: (Y(1),Y(0)) L A| Z.

Assumption 2 (Positivity). For t = 1, ..., T, the propensity scores are bounded away from zero and one.

Assumption 1 is satisfied by the adaptive design procedure where the assignment to the treatment is completely at random within
each strata of X. Assumption 2 states that for almost all values of X, both treatment assignment levels have a positive probability
of occurrence.

Assumption 3 (Uniqueness of Quantiles). For a = 0, 1,Y (a) is a continuous random variable with support in R and where the following
statements apply:

(i) There are nonempty sets Y and Y, such that Y, = {r € (0,1);P [Y(a) £ Q,(z) — c| < P[Y(a) £ Q,(7) + ¢] ,¥c € R,c > 0}.
(i) The density function of Y (a), a € {0, 1} are uniform continuous and bounded away form zero. The bandwidths & b used in
£, 52(x) satisfy h; « N™'/% and h, « N~'/3, respectively.

Assumption 4 (Kernel Function). The kernel function K,(x) = K(x/h)/h with [K(x)dx = 1, [xK(x)dx = 0, [x*K(x)dx <
o0, [ 1K(x)|dx < oo, [ |xlog|x| |'/?dK(x) < co. And K(x) — 0 as x — co.

7
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Assumption 5 (Continuous). If X is a continuous random variable, for a = 0, 1, E(y,(Y (a)-Q,(7))| X = x) is continuously differentiable
with respect to x for every x in X and the variance af(x) and ag(x) are twice continuously differentiable. The bandwidths A, used
in 2(x) satisfy h, « N~'/@*+_The bandwidths /g used in S, also satisfy hg o« N~!/@+%,

Assumption 3-(i) is the same as Assumption 2-(i) in Firpo (2007), which ensures that QTE become estimable from the data on
(Y, A, X). are commonly assumed in nonparametric regression (Fan and Gijbels, 1996). Here we directly assume the bandwidth has
the optimal order to ensure the consistency and efficiency of the kernel smooth estimators.

Theorem 1 (Two-stage Design). Let e; (x) = lim ey(x) and e*(x) = rje; + rzez (x). Under Assumptions 1(i) and 2-5 we have

ny—00

VNG@, - a,) S N©O.V, 15). (11)

where

12)

1@ " fo@ f1(® - fo@®

2
VT,Ts:E[(al(X)_Fao(X))Z_F [E[w,(Y—er))w,A:l] E[w,(Y—Qo(r>)|X,A=0]] ]

And the estimator of @T in (10) are consistent, i.e. WAIT =V, rs +0,(1).

This asymptotic variance attains the optimal variance lower bound of QTE estimators in Eq. (2). A consistent estimator of V,
can be obtained via Eq. (10). Next, we state the following theoretical results of the fully adaptive design.

Theorem 2 (Fully Adaptive Design). The discretized covariate vector Z follows a multinomial distribution with finite support. Under
Assumptions 1(ii) and 2-4, we have

~ A~ d
sug ler(z) —er(2)| = 0,(1), /Np(@, —a;)— N0,V ), as Ny > oo,
ze

where

2
V. 4 =1E[<"1(Z) N "O(Z)>2+ [E[WT(Y—Q.(T))IZ»A= 1] E[WT(Y—QO(T))IZ,A:O]] ]

1@ fo@) f1(®) - fo®)

Under a fully adaEtive design setting, the proposed QTE estimator also attains the optimal variance lower bound Voptiga1 .- A
consistent estimator V, can be calculated via Eq. (6) in Section 3.2.

Based on the theoretical results presented above, it can be concluded that when the original covariates are discrete and no
discretization is required for implementing the proposed design, both the fully adaptive design and the two-stage design achieve
the same efficiency bound. However, in finite samples, as will be demonstrated later, the QTE estimator obtained from the fully
adaptive design has a smaller variance than the one obtained from the two-stage design. We conjecture that this difference in finite
sample performance is due to the fully adaptive design being able to revise the randomization probability an infinite number of
times, thereby providing more robustness.

Finally, when the original covariates are continuous and discretization is used in the fully adaptive design, the following theorem
demonstrates that the two-stage design is more asymptotically efficient than the fully adaptive design. This implies that the two-stage
design has a smaller asymptotic variance than that obtained from the fully adaptive design. We shall verify the following results in
simulation studies in the following section:

Theorem 3 (Efficiency Gain of the Two-Stage Design by Handling Continuous Covariates). Assuming both Assumptions 1 and 2 hold, and
with the fully adaptive design using discretized original covariates to adaptively assign treatment while the two-stage design uses the original
covariates for treatment assignment, we obtain the following: V_ gg >V, rg.

5. Simulation studies and a synthetic case study

This section presents an investigation into the performance of our proposed designs for estimating quantile treatment effects
at different levels. We summarize our main observations as follows: Firstly, our proposed adaptive experimental designs have the
capability to achieve a smaller variance in estimating the QTE, when compared to the QTE obtained from completely randomized
experiments. This confirms our theoretical results provided in Theorems 1 and 2 in Section 4. Secondly, upon comparing the
performance of the two-stage design and the fully adaptive design, we observe that their performances are similar when the covariate
is discrete and the sample size is large. However, the fully adaptive design tends to provide QTE estimators with smaller variance
when the sample size is small. Lastly, the two-stage design is more efficient in estimating QTE when dealing with continuous
covariates. This observation is in line with our theoretical result presented in Theorem 3.



Z. Li et al. Journal of Econometrics 249 (2025) 105857

5.1. Simulation design

In this section, we evaluate the performance of our proposed design strategies with two simulation setups: one with a discrete
covariate and the other with a continuous covariate. For the continuous covariate in a fully adaptive design, we discretize it into
multiple strata and adaptively assign treatments within each stratum.

When the covariate X is a discrete random variable, we generate it from a Bernoulli distribution with probability P(X = 1) = 0.4.
The potential outcomes are generated from two linear models Y(0) = X — 6 + ¢, and Y(1) = —0.5X + ¢, respectively, where
€ ~ ;(LZ,X, vy =5—X and ¢ ~ N(0,2—-0.5X). When X is a continuous random variable, we generate X from the uniform distribution
U(0, 1). The potential outcomes are generated from Y(0) = X + ¢2X — 9 + ¢, and Y(1) = 0.5X + cos(2zx) + ¢, where ¢, ~ ;(g and
€; ~ N(0,2 + 0.5X). As fully adaptive design cannot directly work with a continuous covariate, we discretize X into two strata:
[0,0.5) and [0.5, 1]. In both discrete and continuous cases, we set two different sample sizes N = 1000 and 5000, and the results are
summarized over 1000 replications.

In the above simulation setup, we simulate potential outcomes with two characteristics: first, they follow skewed distributions
that deviate from the normal distribution, and second, their conditional distributions vary with the covariate X. This approach
allows us to, on the one hand, comprehensively assess the robustness and adaptability of our designs under diverse possible realistic
scenarios and, on the other hand, showcase the benefit of analyzing the QTE. This is because the current data-generating process
enables us to, on the one hand, thoroughly evaluate the robustness and adaptability of our designs across a variety of plausible
real-world scenarios and, on the other hand, highlight the advantages of analyzing the QTE. Because QTE offers a more nuanced
understanding of treatment impacts across different quantile levels in the outcome distribution, it provides critical insights in cases
where the outcome distribution is skewed (so that QTE has values different from ATE) or has distribution depending on the covariates
(so that the efficiency bound of the QTE differs across different quantile levels).

In the two-stage design, we set ¢; = 0.5 and n; € {0.2N,0.5N} for the first stage. In contrast, for the fully adaptive design, we
set e; = 0.5 and n; = 0.2N for the first stage. For subsequent stages, we set n, = 5, indicating that we revise the treatment allocation
strategy for every 5 individuals. As later we set T € {200, 1000}, which is a relatively large number compared to n, = 5, it might
be reasonable to consider that we are operating within the fully adaptive setting.

We compare the performances of QTE estimators obtained in (i) a completely randomized experiment where the treatment is
assigned randomly to each participant with a 1/2 probability throughout the experiment, (ii) a naive method that ignores the
treatment allocation based on covariate and takes the quantiles of a simple difference between the observed outcomes in treated
and control groups, (iii) a two-stage design as shown in Eq. (10), and (iv) a fully adaptive design as shown in Eq. (6). We measure
the performance of various estimators in terms of their biases (computed as the differences between the mean of the Monte Carlo
estimates of «, and the true QTE), variances (computed as the variances of the Monte Carlo estimates of «,), mean squared errors
(MSE) and coverage probabilities of the confidence intervals with the nominal coverage probability of 95%.

Throughout our simulation study, we choose the Gaussian Kernel function for all nonparametric estimators. The bandwidth is
chosen as h, = 1.5 X sd(x) x n~'/> where n denotes the sample size, and sd(x) is the sample standard deviation of x|, ..., x,.

5.2. Simulation results

The simulation results of the above estimators, including those from both two-stage and fully adaptive designs, are reported in
Tables 1 and 2, respectively. These results pertain to the case of a discrete X, with N = 1000, N = 5000 and = € {0.3,0.5,0.8},
respectively. As expected, the estimators from both the two-stage and fully adaptive designs outperform the one obtained from
a completely randomized design. The variance of the latter is greater than those from our proposed designs, demonstrating the
efficiency gain from our proposed designs.

Additionally, when X is discrete, the QTE estimator obtained from a fully adaptive design has a smaller variance than the one
from a two-stage design when the sample size N = 1000. The naive estimator, which does not take into account the nature of the
covariate-based design, has the worst performance in all metrics. Cross-comparison between Tables 1 and 2 reveals that almost all
evaluation metrics diminish rapidly as the sample size increases, except for the bias of the naive estimator.

Results for a continuous covariate are summarized in Tables 3 and 4. It can be clearly seen from these two tables that the standard
error in QTE from a fully adaptive design is larger than that from a two-stage design. This observation suggests that discretization
of the covariate in a fully adaptive design may lead to a loss of statistical efficiency, which corroborates the results in Theorem 3
in Section 4.

5.3. Synthetic case study

In this section, we illustrate the performance of our adaptive design algorithm using data from a direct mail fundraising
experiment reported in Karlan and List (2007). The original design of this study is one-stage with an aim to test the effectiveness
of a matching grant on charitable giving. In our synthetic experiment, we are interested in how we should allocate treatments,
conditional on covariates, in the second wave of a two-stage design or in the subsequent stages of a fully adaptive design. Besides,
we would like to investigate the effect of a matching grant effect in the upper tail of the donation amount distribution. According to
our preliminary analysis, the donation amount distribution is right-skewed and QTE is clearly more relevant than the conventionally
used ATE.
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Table 1
Performances of different estimators in the case where X is discrete. The total sample size is N = 1000. For the two-stage design
and the fully adaptive design, we set n; = 0.2N.

T Design Standard error (x1073) Bias (x107%) MSE (x1073) Coverage probability
0.3 Completely random 129.47 3.00 16.60 -
Naive 134.06 49.65 20.25 -
Two stage 128.48 10.93 16.46 0.97
Fully adaptive 116.02 23.58 13.88 0.97
0.5 Completely random 152.98 3.05 23.18 -
Naive 159.50 72.27 30.41 -
Two stage 138.61 19.51 19.40 0.96
Fully adaptive 123.27 34.98 16.42 0.96
0.8 Completely random 237.53 111.02 68.18 -
Naive 248.60 13.10 62.00 -
Two stage 229.82 18.68 52.63
Fully adaptive 214.71 35.54 46.90 0.94
Table 2
Performance of each estimator with discrete covariate with N =5000. For the two-stage design, we set n; = 0.5N.
T Design Standard error (x1073) Bias (x107%) MSE (x1073) Coverage probability
0.3 Completely random 65.14 -4.67 4.26 -
Naive 65.27 6.24 4.30 -
Two stage 63.99 -3.22 4.10 0.96
Fully adaptive 64.30 -5.26 4.16 0.96
0.5 Completely random 77.99 4.15 6.09 -
Naive 75.06 18.58 5.97 -
Two stage 74.4 3.27 5.54 0.95
Fully adaptive 75.77 2.37 5.74 0.95
0.8 Completely random 119.60 -5.89 14.32 -
Naive 106.28 17.90 11.60 -
Two stage 104.05 -3.54 10.83 0.96
Fully adaptive 109.08 0.55 11.89 0.96
Table 3
Performance of each estimator with continuous case with N = 1000.
T Design Standard error (x1073) Bias (x107%) MSE (x1073) Coverage probability
0.3 Completely random 216.4 0.2 46.8 -
Naive 222.8 —-43.3 51.5 -
Two stage 206.1 4.9 42.5 0.96
Fully adaptive 207.4 0.6 43.0 0.96
0.5 Completely random 230.3 6.7 53.1 -
Naive 230.9 -33.9 54.5 -
Two stage 216.8 -0.8 47.0 0.96
Fully adaptive 218.4 6.2 47.7 0.96
0.8 Completely random 301.7 6.8 91.1 -
Naive 287.3 -37.2 83.9 -
Two stage 276.8 —-4.5 76.6 0.94
Fully adaptive 278.4 -0.2 77.5 0.95

The original dataset contains 50,083 observations among which two-thirds (33,396) received a matching grant offer (A = 1), and
one-third (16,687) received the same solicitation but without mention of a matching grant (A = 0). In this case study, we applied
our algorithm without the constraint that the overall treatment probability be two-thirds. We choose to use the highest previous
amount (HPA) donated as the covariate (X) for the design, which is featured prominently in the original analysis. In a fully adaptive
design, we discretize HPA into two categories based on its quartiles: (i) X < $45; (ii) X > $45. In a two-stage design, we can either
use its original continuous form or the discretized version. To compare the efficiency, we adopt both ways in a two-stage design.
The outcome of interest (Y) is the individual’s donation amount in dollars after receiving the direct mail solicitation. In particular,
we estimate the 30%, 50%, and 80% quantiles of a matching grant effect.

We assume that the observations of this large-scale field experiment are observed sequentially over time, and we can adaptively
revise the probability of receiving a matching grant offer. To be consistent with our simulation setup, we use a subsample of the
original full dataset with sample sizes N = 1000 and 5000. In a fully adaptive design, we initialize the experiment with n; = 02N
allocated to two arms with equal probability in stage 1, and n, = 5 for the following stages. In a two-stage design, we enroll n; = 0.5N

10
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Table 4
Performance of each estimator with continuous case with N = 5000.
T Design Standard error (x1073) Bias (x107%) MSE(x1073) Coverage probability
0.3 Completely random 100.43 -6.79 10.13 -
Naive 102.59 —-38.49 12 -
Two stage 96.4 -5.62 9.32 0.96
Fully adaptive 96.46 -5.96 9.34 0.95
0.5 Completely random 102.55 -6.71 10.56 -
Naive 103.82 -35 12 -
Two stage 96.35 -5.06 9.31 0.96
Fully adaptive 99.12 -4.49 9.84 0.95
0.8 Completely random 135.6 5.8 18.42 -
Naive 128.56 —24.57 17.13 -
Two stage 123.65 1.54 15.29 0.94
Fully adaptive 127.43 3.11 16.24 0.94
Table 5

Performances of different estimators in the synthetic case study. The total sample size is N = 1000. “MSE” denotes the mean
squared error.

T Design Standard error (x1073) Bias (x1073) MSE (x1073) Coverage probability
0.3 Completely random 96.05 51.71 11.9 -
Discrete two-stage 74.44 35.64 6.81 0.93
Continuous two-stage 71.10 33.06 6.15 0.94
Discrete fully adaptive 77.03 36.81 7.29 0.91
0.5 Completely random 160.44 3.79 25.75 -
Discrete two-stage 130.61 —-2.40 17.06 0.88
Continuous two-stage 123.76 -1.49 15.32 0.93
Discrete fully adaptive 171.94 —20.06 29.96 0.82
0.8 Completely random 250.94 -34.61 64.15 -
Discrete two-stage 221.07 -36.29 50.18 0.91
Continuous two-stage 214.73 -33.14 47.20 0.92
Discrete fully adaptive 222.69 —41.19 51.28 0.91

to the first stage and n, = 0.5N to the second one. We compare four different design strategies: (i) completely randomized design
where the treatment is assigned randomly to each participant with a 1/2 probability throughout the experiment, (ii) two-stage design
with the discretized covariate, (iii) two-stage design with the original continuous covariate, and (iv) fully adaptive design with the
discretized covariate.

In both designs, we use the observed data {(Y}, A;, X, i)};':‘l to initialize the process. For later stages, given the covariate information
{X, i}fi 10 We assign a certain subject i to either the treatment or control arm according to the optimal propensity score in that

stage. The potential outcomes are simulated via Y (1) = fy; + f;; X + ¢; and Y (0) = fyy + f1oX + ¢, where the regression coefficients
(Bor- Br1» Boo- B1o) are estimated with the original full dataset. To better mimic the right-skewed outcome distributions in the real
dataset, the error terms ¢; and ¢, are generated from a mixture of chi-squared distributions. Results from this synthetic case study
are summarized in Tables 5 and 6.

Similar to our observations in the simulation studies, bias, standard error, and MSE all decrease when we increase the total sample
size from N = 1000 to 5000. Furthermore, as we expect, our proposed adaptive rule will lead to a smaller asymptotic variance than
the completely randomized design. In two-stage designs, there is clear evidence of loss of information when the covariates are
discretized: the bias, the standard error, and the MSE of the QTE estimates in the continuous case are smaller than those in the
discrete one. More specifically, the efficiency gain varies from 2.87% to 5.24% when N = 1000 while it ranges from 2.27% to
17.07% when N = 5000. The QTE estimates obtained in a fully adaptive design are generally less efficient potentially due to the
discretization of the covariates.

6. Discussion

In this manuscript, we proposed two new CARA designs for estimating quantile treatment effects that are easy to implement and
enjoy strong theoretical guarantees. Some points merit further research in the future.

First, when the covariates are discrete, both designs attain the same semiparametric efficiency bound asymptotically, but they
exhibit different finite sample performances. While we believe that the observed difference is due to the frequent update nature of
the fully adaptive experiments, a rigorous justification of this observation may require a careful investigation of multi-stage and
fully adaptive designs as the number of stages slowly increases with the sample size.

Second, in the existing literature, CARA is often proposed to have both efficiency and ethical advantages. Efficiency generally
refers to the power of detecting treatment differences in clinical trials, and ethics often concerns the number of treatment successes

11
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Table 6
Performances of different estimators in the synthetic case study. The total sample size is N = 5000. “MSE” denotes the mean
squared error.

T Design Standard error (x1073) Bias (x1073) MSE (x1073) Coverage probability
0.3 Completely random 30.1 8.55 0.98 -
Discrete two stage 21.56 5.05 0.49 0.96
Continuous two stage 17.88 3.61 0.33 0.96
Discrete fully adaptive 23.58 6.05 0.59 0.95
0.5 Completely random 67.61 1.92 4.57 -
Discrete two-stage 54.14 4.38 2.95 0.90
Continuous two-stage 50.88 1.91 2.59 0.96
Discrete fully adaptive 64.25 -1.37 4.13 0.89
0.8 Completely random 111.73 -9.17 12.55 -
Discrete two-stage 94.08 -14.26 9.05 0.93
Continuous two-stage 91.94 -23.3 8.99 0.93
Discrete fully adaptive 95.45 -22.19 9.59 0.92

(for binary outcomes) or the total response (for continuous outcomes) in the trial. As the proposed design aims to maximize the
statistical power of detecting the quantile treatment effect, it does not necessarily improve the ethical aspect of the design. Guided
by Hu et al. (2015), we believe that it is possible to integrate measurements of both efficiency and ethics into the current design
by revising the treatment allocation probability as

81,1/ 121 (0) 8y, (2)
8141/ Frym1 (@) - 8y,1(2) + 51 (D)) Foum1 (1) - B -1 (2)

The choice of the ethics measurements 51 +—1(z) and §0,,_] (z) greatly depends on the specific target of the experiment. We hope to
incorporate some ethical considerations of our design in our future work.

Third, as indicated in Tables B.3-B.4, the fully adaptive design may not perform well when the sample sizes, N, are relatively
small. This might be because there are not sufficient samples to accurately estimate the variance, aZ,,(z), even when assuming discrete
covariates. The situation becomes even more challenging when the covariates are continuous, as the number of effective samples
for variance estimation decreases further. Consequently, a fully adaptive design for continuous covariates warrants further studies.

Lastly, we hope to comment that the existing literature documents an infrequent application of the QTE in designing randomized
experiments and clinical trials; we conjecture that this can be attributed to the fact that the QTE presents complexities in
interpretation. Unlike the ATE, QTE does not provide a single summary measure but rather a distribution of effects. Additionally,
establishing theoretical guarantees of QTE requires assumptions about the distribution of potential outcomes, which can be difficult
to verify in practice. We hope that this manuscript serves as a tentative effort to promote the use of QTE in designing randomized
experiments.

e,(2) =
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Appendix A. Technical proofs

Proof of Theorem 1. First, if X; has finite support, we will show that sup,cy [&,(x) — ex(x)| = O,(N ~2/5). Obviously, 62(x) is a
/N-consistent estimator of o2(x) and f.(z) is a N=2/5 consistent estimator of f,(z) by setting the bandwidth with O(N~1/5). Then,
&y(x) is also a N~2/° consistent estimator of e,(x). Additionally, & is a finite set. So we obtain that sup, [&,(x) — ex(x)| = O,(N~2/3).

Second, if X; is a continuous random variable, we adopt the nonparametric estimator of Gz(x) By Theorem 2.3 in Li et al.

(2016), we have sup, .y [62(x) — 62(x)| = <—‘l%2N> where d is the dimension of X,. Similarly, we have f,(r) is a N=%/5 consistent
N~ d+4
ylog N )
).

estimator of f,(r). So we obtain that sup,cx [&,(x) — e;(x)| = O, <
N d+

Consequently, similar to the proof of Theorem 1 in Firpo (2007), we can show that

VN@, - a LZ (Y, AL X)) +0,(1)

ﬁl
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where
¢ (v, a,x) =, (¥, a,x) — ¢ (¥, a,%),
Dra.ax) =0 it f:(f)‘ @) _ e"(;ffl(fj) Ew, (-0, A= 1),
) = Y f;(f)‘)(”) S B = Oyl A =

AP =IU <ep). i=1,...m, AY =1U; < e5(X), i=n +1,....N.

U;’s are iid random variables that follow Uniform(0,1), and are independent of X and Y. Therefore, we can write

_a_\/_ e
VN@, )\/_ N

~—L,+0,(1)
where

Li=— ) ¢, AL X)), Ly=— G, AT, X).
¢TZ ? «:}%

By the Central Limit Theorem, we obtain that

d d
L, > N(©,V,), L,—> N(©O,Vjy),

where
B ejo2(X) (1 —e)od(X)
" nee T 2o - o)’
L [B(r—e@)xa=1] Ely (v - on@)ix.4=0]]7]
i f1(T) fo(T) 1] ’
e(X)oi(X) (1 =e5(X)og(X)
Vi =E| = + >
[ (@e*(X)? F2@(1=-e (X))

[Ely. (Y -0i@)1X.A=1] E[y, (Y -Q®)IX.A=0]]
f1(@ Jo(@)

+

Noting that L, and L, are independent of each other and by the definition of e*(x), we obtain the result.
Next, because e(X), éa(r), fa are all consistent estimators, we will show the consistency of @r,r s by taking the same procedure
as the proof of Theorem 2 in Firpo (2007).
Define
7. = A; . v (Y, — 0(2)) _ 1—A; w.(Y;—0y(7))
oaxy) f1(Q,(1) 1-eX;) fo(Qu(r)
3 [ . ‘I/T(Y—Q1(T))+ 1-4  v:(Y —0Qy(®)
axy  fiQ) (1 =2X)*  So(Qo(x)

Here ﬁ,v,- and §T’, use the true quantiles and the true density of potential outcomes. Then, we have

| X = Xi] '(Ai _A(Xi))'

N
1 A~ A~ ~ ~
ﬁ Z {(Ur,i + Sr,i)z - (Ur,i + Sr,i)z} +

i=1
= J + .

Vers = Vorsl <

N

1 ~ ~

~ 2O+ 8.7 -V
i=1

we¥i—01(@) o1 q ¥i—0o(®)
F1(Q1(2) J0(Qo())

functions of Y, instead of Y itself as in their case, we can easily obtain that J, = 0,(1). So we only need to show that J; = 0,(D).
Then, by triangle inequality, we have

Taking the same procedure as the proof of Theorem 2 in Hirano et al. (2003), using , which are bounded

=Jy+Jp+ 5.
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= w(i-0,(@) 5y = weli=0,0) _
Let g, . (Y)) = . and g, ,(Y)) By for a =0,1. Then,

sy ﬁ((;()) - ef(‘;,) (&, () -4, (Y,»))’
. %Z 1-e* (X)) 1 - A )'(gA(Z),T(Yi)_gg,r(Yi))‘

A -ee) 1-e
Here the cross-product term will be zero because of A;(1 — A;) = 0 for all i. Note that the first term of the forgoing sum is the same
as equation (A-12) in Firpo (2007), so we can also obtain that J;, = o,(1) by taking the same procedure as Firpo (2007).
Next, we consider the term Jj,. Define
Ay (Y - 0,(7) + 1-A v (Y = 0Qy(7) |X = X-]
e(X)? f1(Q,(2) (1 —e(X))? J0(Qp(7) '

If X is discrete, the estimators of A(X;) in §“- and 5“- are

hX)=E [

N

~ 1 ~

hX) = Y WX, = X)),
j=1

N
AX) =+ Y WX, = X)),

Jj=1

respectively, where

Fo A w0 -0@) -4y -0y@)
it = T X A + ~~ 5 T~ A

e(X;) f1(Q (1) (1 —exy) F0(Qp(7)
W= Ay (Y - 04(7) -4 v (Y; — Qo(7))

X2 0@ T U=eX)? o)

Thus, by the law of large numbers, we can easily have J;, = 0,(1). If X is continuous, we have the expression of estimator of A(X;)

inS§.;,S.; ie.
. T WX, - X))
h(X) = == .
2o Kn(X; = X))
~ s WiKu(X; = X))
h(X;) =

~ s
2o Kn(X; = X))

respectively. So

N
Iy = ‘% 34, - ax,)? (?ﬂ(xi) -Rx))
i=1

< gmi = a0 (hox) + ) ) (Rex) - 7ex))

N
N 5 ~ ~ 1 ~ ~
< F: s — . 3 . . f— ) — .
_lrgdg)](le, e(X;)| ]rsr}z)]cvlh(Xl)+h(X,)| N igl |h(X,) h(X,)| .

Because |4; — e(X;)| and |?1(X,-) +71(X,-)| are all bounded variables, so we only need to show that /ﬁ(X,.) - 71(X,~) = 0,(1). Next,
h(X)) = h(X,)
LW, = W)K (X, = X))
T Kn(X, = X))

N .
1 A v (Y, = 0,(0) (Y, - 0,(x))
= KX, - X)) | —— -
VKX~ X)) Z{?(X,-)Z " g < 710, £10,(1)
1 i LAy (V0 =0 v~ 00
YN KX - xp S a-ax? T T £y o(Qy(®)
j=1 i i’ 00

Then, by the consistency of é“ and fa(ém), we have ’B(X ,-)—Z(X i) = 0,(1). Here we complete the proof of J;, = 0,(1) for continuous
case.
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For the last term J,5, we have

N
2 A~ A ~ o~

Jl? = NZ{U‘riSri_Ur.iSr,i}
i=1
1 < 1 <
—Z =Sol+2|< 280, -0,

l TI 7,0 T,i\~Y 1,0 T,i
N & NS
=Ji31 + Ji32-

By taking the same procedure as J,, we also have J3; = 0,(1). Similarly, J,3, = 0,(1) by similar proof of J,,. Here we complete the
proof. []

Proof of Theorem 2. First, we show the consistency of Q\a,,(r), an,l(T) and & (z) ObV1ously, 2.1(7) is the minimizer of

n
W) = ni Y 0. (Y, — wI(A; = a).
1 =1

Because we use the random design in the first step, so A; is independent of Y;. Thus, by the law of large numbers, we have W () —
E(p.(Y;) — u), a.s. Consequently, we have éa,l(f) — Q,(7),a.s. and éa,l(f) —Q,() = %) ,a.s. as n|/N — ¢ € (0,1) (Bssett

and Koenker, 1986). So,

n
f;’l(‘r) ZIC,,<Y % (T)>1(Ai=a)+0(\/$>,a.s.

Similarly, according to Theorem B in Silverman (1978), we also have

n
—Zm(y Q(>>1(Ai=a)=fa(,)+0(hz)+o< /mg(l/h))M
= nh

by the independence between Y; and A,. Thus, by the condition # « N~!/5 and n;/N — ¢ € (0,1), we have fa’,(r) = f,(r) +

(lolgvl;jsN ) ,a.s. Similarly, we also have

~ log!/2 N
Gil(z) = ag(x) +0 (% ,a.s.

Next, we will prove the consistency of éa,l(f ), fa,l(f ) and Gil (z) by mathematical induction. Suppose
A log'? N
Qa,t—l(T) = Qa(T)'*'O(% ,a.s. (A1)
~ logl/2 N
far1 (@ = f(0)+0 (% Las. (A.2)
~ log!/? N
62, (2)=c2(x)+ 0 (% ,a.s. (A3

By (A.1), we know that

Y 1/2
Z’Ch< Q()>1(A— a)+ <10§VT>,a.s.

fos®) =

az,

Let {W;} be an independent copy of {Y;}, which is also independent of Z,. Define v{ = min{; | Na!j = i}, )N',.’u = Y10 <
+00) + WI(v{ = +00), i = 1,2,.... Using the same argument of Doob (1936), we can show that { el = 1,2,...} is a sequence
of i.i.d random variable with a common distribution the same as that of Y;. Thus, we have

Nag % 1/2
1 Y, ,— 0,01 log
K| ———— | = O —— ),as.
N, gl, h< 7 fo(7)+ N5 a.s

if N,, = co. Thus, on the event {lim,_,, N,, = o}, we have

~ 5 log'/2
fa,t(T) = f,(r) + Oh") + O W ,a.s.

Similarly, we have

R log!/2 N
32, =22+ 0 (% ,a.s.

15
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on the event {lim,_,, N,, = co}. As a result, by the definition of &,(z), we have

~ log'/2 N
e,(z) =e*(2) + o) +0 <% ,a.s.

as N,, — co. Because ¢,(z) is a consistent estimator of e¢*(z) as r — co. So taking the same procedure as the proof of Theorem 1
in Firpo (2007), we can show that O, ,(r) = 0, (1) + o(log'”> N/N1/?), a.5., where

Ny

t
M | 1(4; = a)
Q,,(r) =argmin — p. (Y, —u).
o v N, ;,.ZNHH Aer(Z)+ (1 =AY (1-ex(z)) "
Therefore,
t N,
M o1 Yy 14,=1) <
0, ,(r) =argmin — ——p. (Y —u), (A.4)
1t M Nl,t S:Z][:%H e;‘(zi) i
t N,
; o L 1A4,=0) o
Qy,(r) =argmin — ——p. (Y, —u). (A.5)
0.t « Ny, ;1=N§+1 l—ex(Z) ™!

on the event {N,, — oo}, respectively. By the strong consistency of the quantile regression, we also have

< logl/zN M log]/zN
Ql,t(’[) = Ql,, +0 W ,a.s., QO,I(T) = QO,I +0 W ,a.s.

if Ny > 00,a=0,1.

So we need to show that N,, — o0,a.s. for a = 0, 1. On the event {lim, ,, N,, < oo}, the sequence éay,(r), f;y,(r), 62 (z) takes a
finite number of values. So ¢,(z) takes a finite number of values. Also, on the event {lim,_, N,, = o0}, ¢,(z) = ¢*(2). This shows that
{&,(2)} is almost surely a relatively compact set. So there exist a 0 < § < 1 such that &,(z) > é. Define N, . = ¥|_, 1(4; =4, Z; = 2).

So N,; =2 .cz Ny, .- Note that

R4

P(A =1|F_.Z =z)=4(2) > 4.

Then,

M

]P’(A, =1| Fio1,Z, = Z) = 400, 4a.s.

Il
[N

T

which implies {4, = 1,i.0.} = {N,,, = oo} almost surely by the generalized Borel-Cantelli lemma. Consequently, N,, — co almost
surely.
Next, we show the asymptotic normality of Q, (). By (A.4) and (A.5), we can obtain that

VN7©,1(2) = 0,(2)) > N(O. V),
VN7 (Qor(2) = 0p(2)) S N0, V),

where
o1(2) Ely. (Y -0,0)1z.4=1]]’
V=E|— + 7
1 2)e*(2) 71
2
. o (Z) . Ely, (Y — 0y(0))[Z. A = 0]
T 2@ -2y o '
0

Similar to Lemma A.5 in Firpo (2007), the difference between O = QVOYT still have an asymptotically linear influence function and
will be asymptotically normal, i.e.

VNp(Oy 7 = Ou1) 5 NO Y, pa)

where

(al<z> ao<z>>2 Ely.(Y =00)1Z.A=1] _E[w (¥ -0®)IZ.A=0]]"
Vi.ra=E + + - .
fi®)  fo(D) f1(o) So(®)

Next, we prove the consistency of the estimator ©T, r4- Because of the consistency of éa(r), e(2), fa, by taking the same procedure
as the proof of Theorem 1, we can show that

T N,
EN 1
V=52 X e+ S +0,(D),
T =1 i=N,_+1
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where
U = A; . v (Y, — 0(7) _ 1-4; . (¥, — Qy(1))
HTeNZ) [Q1@)  1=eNZ)  fo,(Qp(D)
. E A vV =0@)  1-4  v:(=0@)
(2 i@ (1-ef(Z)?  f0,(Qo(D)

On the event {N,, — o}, we have

5

S

| Z=2Z|-(4 —et*(Z,-)).

T N,
1 i 2
TFA = N Z Z (U‘r,it + S‘rjt) + Op(l)’
Nr =1 i=N,_j+1

where
~ A v (-0,@) 1-4 .- 0y1)

U.. = . _
MRz fi@1(@)  1=ef(Z) fo(Qo(D)

By the law of large numbers, we obtain @,’ Fa=Vopato,(D). O

Proof for Theorem 3. Recall that X; are the original covariates. The discretized covariates Z; is coarsened X;, and it contains less
information. By design, the conditional independence holds for both X; and Z;, that is,

Y. Y0) L A 1X,, and (%().Y0) L A, |Z,.

Our goal is to show that when the treatment is assigned using the discretized covariate Z;, meaning that P[A; = 1|X;] = P[4; =
11Z;] = e(Z,), the following inequality holds:

Vi (Y, Xis X)1 2 VIw (Y, X, XD 2V, s,

where
Ailg)(0) —&1(X)) (1= A)(gp(7) — go(X,)

vi) (Y, A, X)) =

e(Z;) 1—-e(Z;)
CYALX) = Ai(q,(7) — g(Z) (1= A)(go(7) — g9(Z)))
Vipi A &) = o(Z) 1-e(Z) >

with g,(z) = 7/ f,(z) and

Iy(yzo,(0 Ly <0y
X)=E|——|X,], X)=E| ———|X;|,
@ [ FRE ] e e
ez =g|Oe@ | o g resm)
1 i fl(r) il O\N<i fO(T) il

As the above inequality holds for all possible propensity scores, we establish V, 15 <V _¢,.
The second inequality holds by the definition of the optimal variance lower bound defined in Section 2. To prove the first
inequality, we need to compare two efficiency bounds. We notice that
Vi (Y Xis X)) = V[ Elwi (Y X XD Z11] + E [ Vivg (Y, X, X)1Z)]
Ailq () —&1(Z) (= A)(go(r) —go(Z,-))'Z_
o(Z,) 1-e(Z) '

We may adopt a similar decomposition. To be precise, we write
Al (7) = g1 (X)) (1= A)(go(7) = go(X)))
e(Z;) 1-e(Z)

+81(Z) — 80(Z;) — (q;(7) — qp(7)),

=Vlg(Z) - g(Z)]1+E [V [

v (Y, X, Xp) =

+ (81(X) — go(X) — 81(Z)) + &0(Z)))

which gives

Vivan (Y, Xi, X1 = Vig|(Z) - g(Z))]
+E [V [ A (0) — g1 (X)) (1= 4)(Qy () = &(X)))

E(Zi) 1-— e(Z,.)
We thus compare the two conditional variances in the expressions of v (Y, X, Xp) and wan(Y:. X, X,). Notice that
v [ A ® -8 (X)) (=A@ - g(X)

e(Z)) 1-e(Z)
—v [E [ Ai(q1 () — g1 (X)) (1= A (o) — go(X;)

+(&1(X) — go(X) —g1(Z) + gO(Zi))| Z,-H .

(81 (X)) — 80(X)) — £1(Z)) + g()(Z,-))‘ Z,-]

«Z) - T—eZ) +(gl(X[)—go(Xi)—gl(Z;)+go(Z,-))|X,-HZ;]
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+E [V [ Al (@) —g1(Xp) (1= A)(go(®) — g&(X)))
e(Z;) 1—-e(Z)

=V [g1(X) - go(X) — &(Z) + 8(Z))| Z}]
i [V [ A (®) = g1 (X)) (1= A)@y(®) — 8(X)) ' X,] ' Z[] .

(81 (X)) — go(Xp) — g1(Z)) + go(zi))' X,] ‘ Z,]

e(Z,) 1-e(Z)
Similarly, the conditional variance in the expression of y;;(Y;, X;, X;) is

[ A (Y —g1(Z)) (0= A)(gp(7) — 8(Z)) ' Z-]

e(Z,) 1—e(Z)
-V Ai(‘II(T) — 81 (X,)) _ a1- A,‘)(‘IO(T) - go(X,-)) A (g1 (X)) — gl(Zi)) _ (1- A,-)(go(X,-) - go(Z,-)) ' 7
= «(Z,) 1—e(Z) o(Z,) 1—e(Z) !
_vI|E Alg(0) — &1 (X)) (1= A)(go(7) = go(Xy)  Ai(g1(X) —g:1(Z)) (1= Xi)(gp(Xy) —go(Z,-))'X 7
B e(Z) 1—e(Z) e(Z)) 1—e(Z) =
vely [ Al (D) = g1 (X) (1= A)(ay(®) — &o(X)) ' X,] ' Z[]
e(Z;) 1-e(Z)
+E|v [A,-(gl(X,-) —&1(Z)) (1= A4)(g(X) = 80(Z) |Xi] |Z,~]
| e(Z;) 1-e(Z)

=V [g1(X) - g(X) — &1(Z) + 8(Z)| Z)]

A (@ =8(Z) (= A)@o() — &(Z) ‘ X
o(Zy) 1-e(Z) '

+E V[

zl] |

To summarize,
Viwan ¥ X X)1 = Vi (¥ X, X)]
v [ Ailg(0) —&1(Z)) (= A)(gp(7) — g0(Z))) ‘ Xi]

=E
e(Z) 1-e(Z)

_v Ai(q1(7) — g1 (X)) (1 — A)(go(7) —go(X,-))|X
e(Z) 1—e(Z) din

As a last step, we compute the above conditional variances explicitly:

V[qul(r)—gl(x,-»_(1—Ai)(qo<r)—g0<xi>>' X]: aX) | aX)
o(Z;) 1-e(Z) 1 Pwex) 2o -ex)’

where o,(X;)? and 6,(X;)? are the conditional variances of the quantile rank scores of the potential outcomes, respectively. Similarly
(variance equals the difference of the second moment and the squared first moment),

v [ Ai(q,(7) — g(Z;) (1= A)(go(7) — g9(Z£)) X,]

e(Z)) 1—e(Z;)
_ Ellg1(®) = &1(Z)*1X] | El(gy(2) — 8(Z))*1X;] 2
= ) g (- s - a @)+ a2))
_ o (X,)? + oo(X,)? (&1(X) — g1 (Z)?  (80(X;)) — 8o(Z))*
fi@eX)  f3@) = e(X;) e(Z;) 1-e(Z)

2
= (810X = 80X~ 1(Z) + 80(Z)))
We therefore conclude that

Viwan i, X X1 = Vi) (Y, X, X))]

_E &(X) —g1(Z)* | (8(X)) — 8(Z)))*
- e(Z,) 1 —e(Z;)

2
~ (8% - 80X - &1(Z) + 80(Z)) ) ] >0,
with the inequality following from

(gl(Xi)_gl(Zi))2 (gO(Xi)_gO(Zi))2
e(Z;) 1-e(Z;)

2
B 1 1
—( - (axo-a@)+ T(Zi)—l(gm)—go(a))) >0,
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Table B.1
Performances of different estimators in the case where X is discrete. The total sample size is N = 500. For the two-stage design,
we set n, =0.5N and the fully adaptive design, we set n; = 0.2N.

T Design Standard error (x1073) Bias (x107%) MSE (x1073) Coverage probability
0.3 Completely random 188.51 -7.13 35.58 -
Naive 173.9 1.41 30.24 -
Two stage 173.71 0.74 30.17 0.97
Fully adaptive 178.2 -0.6 31.75 0.97
0.5 Completely random 231.39 3.09 53.54 -
Naive 205.51 9.65 42.32 -
Two stage 206.33 4.72 42.59 0.96
Fully adaptive 209.48 4.02 43.89 0.96
0.8 Completely random 368.51 12.25 135.93 -
Naive 317.58 10.25 100.95 -
Two stage 314.39 0.69 98.83 0.94
Fully adaptive 332.46 0.29 110.52 0.94
Table B.2
Performance of each estimator with continuous case with N = 500.
T Design Standard error (x1073) Bias (x107%) MSE (x1073) Coverage probability
0.3 Completely random 305.34 -9.95 93.32 -
Naive 316.2 —48.04 102.28 -
Two stage 288.54 9.01 83.33 0.97
Fully adaptive 321.13 -2.87 103.12 0.94
0.5 Completely random 325.54 —2.04 105.97 -
Naive 328.46 —47.23 110.11 -
Two stage 306.59 -12.8 94.15 0.96
Fully adaptive 311.43 0.96 96.98 0.96
0.8 Completely random 422.66 6.49 178.67 -
Naive 405.43 —43.93 166.29 -
Two stage 391.56 -8.99 153.38 0.93
Fully adaptive 398.38 -5.65 158.73 0.95
Table B.3

Performances of different estimators in the case where X is discrete. The total sample size is N = 200. For the two-stage design,
we set n, =0.5N and the fully adaptive design, we set n; = 0.2N.

T Design Standard error (x1073) Bias (x107%) MSE (x1073) Coverage probability
0.3 Completely random 302.592 -20.209 91.961 -
Naive 278.438 -1.89 77.523 -
Two stage 279.869 -2.793 78.327 0.99
Fully adaptive 336.108 2.145 112.962 0.96
0.5 Completely random 364.521 -10.361 132.97 -
Naive 326.699 0.804 106.722 -
Two stage 326.461 —-9.064 106.649 0.97
Fully adaptive 339.486 -4.844 115.263 0.97
0.8 Completely random 578.978 32.002 336.207 -
Naive 509.37 19.505 259.813 -
Two stage 505.242 4.23 255.262 0.91
Fully adaptive 544.458 3.714 296.419 0.93

Appendix B. Additional simulations

In order to investigate the effectiveness of the proposed design at different sample sizes, we have considered N = 200,500 in our
study. The simulation results for the four methods are reported in Tables B.1-B.4. Our findings suggest that our proposed designs
continue to perform exceptionally well at N = 500. However, at smaller potential sample sizes, specifically N = 200, our proposed
designs do not outperform the naive design. This is to be expected as smaller sample sizes may not provide a consistent estimator
of the variance and density function.

In order to demonstrate the sensitivity of our proposed designs to the initial stage sample sizes, n;, we examined n; = 0.3n,0.4n
for the two-stage design and n; = 0.1x,0.16n for the fully adaptive design. The performance of the corresponding estimators is
reported in Tables B.5-B.6. Our findings indicate that the two estimators yield results comparable to those obtained with n; = 0.5n
for the two-stage estimator and n; = 0.2n for the fully adaptive estimator. Thus, our methods exhibit low sensitivity to the initial
stage sample sizes.
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Fig. B.1. Empirical power curves of different design under discrete case with N = 1000.
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Fig. B.2. Empirical power curves of different design under continuous case with N = 1000.
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Table B.4
Performance of each estimator with continuous case with N = 200.
T Design Standard error (x1073) Bias (x107%) MSE (x1073) Coverage probability
0.3 Completely random 480.89 -28.47 232.04 -
Naive 505.21 —65.51 259.5 -
Two stage 462.98 3.57 214.34 0.96
Fully adaptive 661.9 —24.54 438.66 0.88
0.5 Completely random 517.1 —4.59 267.39 -
Naive 524.43 -57.19 278.27 -
Two stage 484.6 -27.75 235.58 0.96
Fully adaptive 538.79 -4.27 290.28 0.95
0.8 Completely random 676.79 9.31 458.09 -
Naive 650.31 -75.27 428.53 -
Two stage 633.06 -50.23 403.25 0.91
Fully adaptive 666.75 —27.62 445.27 0.95
Table B.5
Performance of two stage estimator with different n, = cn for with N = 1000.
T c Standard error (x1073) Bias (x1073) MSE (x1073) Coverage probability

Discrete case

0.3 0.3 123.41 -8.35 15.3 0.97
0.4 122.46 0.09 15 0.97
0.5 0.3 144.95 -16.69 21.29 0.96
0.4 145.84 5.82 21.3 0.96
0.8 0.3 223.37 -16.12 50.15 0.93
0.4 223.26 3.33 49.85 0.93

Continuous case

0.3 0.3 203.83 -3.59 41.55 0.96
0.4 204.9 1.01 41.98 0.96
0.5 0.3 215 -17.94 46.54 0.96
0.4 213.8 -7.15 45.76 0.96
0.8 0.3 278.07 -15.02 77.54 0.94
0.4 276.88 -2.89 76.66 0.94

Table B.6

Performance of fully adaptive estimator with different n, = cn for with N = 1000.

T c Standard error (x1073) Bias (x107%) MSE (x1073) Coverage probability

Discrete case

0.3 0.1 125.91 -9.76 15.95 0.97
0.16 125.13 -2.29 15.66 0.97
0.5 0.1 146.69 -15.69 21.76 0.96
0.16 147.2 5.68 21.7 0.96
0.8 0.1 230.14 -11.87 53.1 0.94
0.16 232.44 6.87 54.07 0.94

Continuous case

0.3 0.1 219.51 -9 48.26 0.95
0.16 212.86 —4.02 45.32 0.95
0.5 0.1 217.09 -9.63 47.21 0.96
0.16 217.77 -1.95 47.42 0.96
0.8 0.1 277.05 —6.25 76.79 0.95
0.16 281.96 7.57 79.55 0.95

We consider the performance of power of each estimators. For the discrete case, we set Y(0) = X — 6 + ¢; + 6 and the other
settings are the same as above. So if § = 0, we can calculate the QTEs a(ro) with 7 =0.3,0.5,0.8 are 2.21, 1.40, —0.60, respectively. So
we consider the null hypothesis

Hy:a, = a£0)7 vs. Hy :a, # aio) (B.1)

T

for each = = 0.3,0.5,0.8. Under the alternative, we set § = 0.1,0.2,...,0.9 and Fig. B.1 shows the power curves of different design
under discrete case with N = 1000. Similarly, for the continuous case, we also set Y(0) = X +¢?X —9+8+¢, with 6§ = 0,0.1,...,0.9 and
the other settings are the same as above. Fig. B.2 shows the power curves of different design under continuous case with N = 1000.
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Fig. B.3. Boxplot of \e /Vi/ 2 of different design under discrete case with N = 1000.
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Fig. B.4. Boxplot of \A/i/ 2 /V],/ % of different design under discrete case with N = 5000.

Our findings indicate that our testing procedure is highly effective in managing empirical sizes across all scenarios. Additionally,
the power of our proposed testing method increases proportionally with the signal strength. Interestingly, the performance of both
the two-stage design and the fully adaptive design are strikingly similar.

In addition, we present the ratio of the estimated standard deviation to the actual standard deviation, denoted as \A/L/ 2 /Vl/ 2, for
both the two-stage design and the fully adaptive design in Figs. B.3-B.6. Our findings indicate that the majority of these ratios are
close to one, suggesting that our variance estimator is consistent. However, in some instances, the estimated variance is slightly
higher than the actual variance, leading to a coverage probability that is marginally above the targeted 95%.
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Fig. B.5. Boxplot of 912 /v of different design under continuous case with N = 1000.
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Fig. B.6. Boxplot of WZ/WZ of different design under continuous case with N = 5000.
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