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Ever since the seminal work of R. A. Fisher and F. Yates, factorial de-
signs have been an important experimental tool to simultaneously estimate
the effects of multiple treatment factors. In factorial designs, the number of
treatment combinations grows exponentially with the number of treatment
factors, which motivates the forward selection strategy based on the sparsity,
hierarchy and heredity principles for factorial effects. Although this strategy
is intuitive and has been widely used in practice, its rigorous statistical theory
has not been formally established. To fill this gap, we establish design-based
theory for forward factor selection in factorial designs based on the poten-
tial outcome framework. We not only prove a consistency property for the
factor selection procedure but also discuss statistical inference after factor
selection. In particular, with selection consistency, we quantify the advan-
tages of forward selection based on asymptotic efficiency gain in estimating
factorial effects. With inconsistent selection in higher-order interactions, we
propose two strategies and investigate their impact on subsequent inference.
Our formulation differs from the existing literature on variable selection and
post-selection inference because our theory is based solely on the physical
randomization of the factorial design and does not rely on a correctly speci-
fied outcome model.

1. Introduction.

1.1. Factorial experiments: Opportunities and challenges. Ever since the seminal work
of Fisher [13] and Yates [45], factorial designs have been widely used in many fields, in-
cluding agricultural, industrial, biomedical and social sciences (e.g., [6, 16, 43]). Factorial
experiments are popular because they can simultaneously accommodate multiple factors and
offer opportunities to estimate not only the main effects of factors but also their interactions.

We focus on the replicated 2K factorial design in which K binary factors are randomly
assigned to N experimental units, and each treatment combination contains at least two repli-
cates. Classical factorial experiments are usually conducted with a small K so that we can
simultaneously estimate the 2X — 1 main effects and interactions. For example, Chapter 4
of [43] discussed many full factorial experiments, all of which involve less than or equal to
four factors (K < 4). However, many modern factorial experiments are conducted on a much
larger scale for exploring complex research questions. For example, in political science and
marketing research, powered by the development of computers and web-based technology,
conjoint survey experiments [8, 18, 31, 53], which can be viewed as a special type of factorial
experiments, are popular for analyzing the effects of many factors together. In Table 1, we
review several conjoint experiments in the literature and their corresponding setups. These
modern factorial experiments involve a large number of treatment combinations, which mo-
tivate us to move beyond the classical small K regimes and develop methodology and theory
for large K regimes.
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TABLE 1
Some conjoint survey experiments and the corresponding setups

Experiment Reference K 0 N No
Immigrant admission experiment [53] 6 26 =64 ~ 28,000 ~ 430
U.S. presidential election (8] 12 212 = 4096 ~ 30,000 ~8
Aluminum packaging characteristics [24] 7 20 x4 =256 ~ 15,000 ~ 60

Note: K is the number of factors, Q is the number of treatment combinations, N is the number of units (hypo-
thetical profiles), and Ny = N/Q is the average replications per treatment arm. See Section 2 for the definitions.

A large number of factors pose new challenges to the analysis of factorial experiments.
First, estimation and inference of the causal effects fall into new regimes, especially when K
is large and each treatment combination only contains limited replications. Second, a large
K results in a large set of factorial effects, which complicate the interpretation of the re-
sults. This motivates us to conduct factor selection based on sparsity, hierarchy and heredity
principles for factorial effects to reduce the dimensionality of the problem and facilitate the
interpretation of the results. Wu and Hamada [43] summarized these three principles as be-
low:

(a) (sparsity) The number of important factorial effects is small.

(b) (hierarchy) Lower-order effects are more important than higher-order effects, and effects
of the same order are equally important.

(c) (heredity) Higher-order effects are important only if their corresponding lower-order ef-
fects are important.

The sparsity principle motivates conducting factor selection in factorial designs. The hier-
archy principle motivates the forward selection strategy that starts from lower-order effects
and then moves on to higher-order effects. The heredity principle motivates using structural
restrictions to select higher-order effects based on the selected lower-order effects. Due to
its simplicity and computational efficiency, the forward selection strategy has been widely
used in data analysis [11, 43]. However, its design-based theory under the potential outcome
framework has not been formally established. Moreover, it is often challenging to understand
the impact of factor selection on the subsequent statistical inference. The overarching goal of
this manuscript is to fill these gaps.

1.2. Our contributions and literature review. We summarize our contributions from the
following three perspectives.

First, our study adds to the growing literature of factorial designs with the number of
factors increasing with the sample size under the potential outcome framework [4, 7, 9—
11, 29, 33, 44, 48]. To deal with a large number of factors, Espinosa, Dasgupta and Rubin
[11] and Egami and Imai [10] informally used factor selection without studying its theoretical
properties, whereas Zhao and Ding [48] discussed parsimonious model specifications that are
chosen a priori and independent of data. The rigorous theory for factor selection is missing
in this literature, let alone the theory for statistical inference after factor selection. At a high
level, our paper fills the gaps.

Second, we formalize forward factor selection and establish its consistency under the
design-based framework without imposing outcome modeling assumptions; see Section 3.
Factor selection in factorial design sounds like a familiar statistical task if we formulate it as
a variable selection problem in a linear model. Thus, forward selection is reminiscent of the
vast literature on forward selection. Wang [39] and Wieczorek and Lei [42] proved the con-
sistency of forward selection for the main effects in a linear model, whereas Hao and Zhang
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[20] and Hao, Feng and Zhang [19] moved further to allow for second-order interactions.
Other researchers proposed various penalized regressions to encode the sparsity, hierarchy
and heredity principles (e.g., [2, 3, 21, 26, 47, 50]), without formally studying the statisti-
cal properties of the selected model. Our design-based framework departs from the literature
without assuming a correctly-specified linear outcome model. This framework is classic in
experimental design and causal inference with randomness coming solely from the design of
experiments rather than the error terms in a linear model [9, 15, 22, 27, 37]. This framework
invokes fewer outcome modeling assumptions but consequently imposes technical challenges
for developing the theory. Bloniarz et al. [5] discussed the design-based theory for covariate
selection in treatment-control experiments, but the corresponding theory for factorial designs
is largely unexplored.

Third, we discuss statistical inference after forward factor selection with consistent (see
Sections 4) and inconsistent selection (see Section 5). First, we prove the selection consis-
tency of the forward selection procedure, which ensures that the selected factorial effects are
the true, nonzero ones as the sample size grows. With this selection consistency property, we
can then proceed as if the selected working model is the true model. This allows us to ignore
the impact of forward selection on the subsequent inference, which is similar to the proposal
of Zhao, Witten and Shojaie [52] for statistical inference after Lasso [38]. Moreover, we quan-
tify the advantages of conducting forward selection based on the asymptotic efficiency gain
for estimating factorial effects. As an application under selection consistency, we discuss sta-
tistical inference for the mean outcome under the best factorial combination in Section A.4 in
the Supplementary Material [1, 17, 41]. Second, we acknowledge that selection consistency
can be difficult to achieve in practice as it requires strong regularity conditions on factorial
effects. As a remedy, we propose two strategies to deal with inconsistent selection in higher-
order interactions and study their impacts on post-selection inference. A key motivation for
our strategies is to ensure that the parameters of interest after forward factorial selection are
not data-dependent, avoiding philosophical debates in the current literature of post-selection
inference [14, 23].

1.3. Notation. We will use the following notation throughout. For asymptotic analyses,
ay = O(by) denotes that there exists a positive constant C > 0 such that ay < Cby; ay =
o(by) denotes that ay /by — 0 as N goes to infinity; ay = ®(by) denotes that there exists
positive constants ¢ and C such that chy <ay < Cby.

For matrix V, define omax(V) and omin(V) as the largest and smallest eigenvalues, re-
spectively, and define « (V) = 9max(V)/0min(V) as its condition number. For two positive
semidefinite matrices V| and V,, we write V| < V, or V, = V1 if Vo, — V| is positive semi-
definite, which is called the Loewner order for positive semidefinite matrices.

We will use different levels of sets. For an integer K, let [K]={1,..., K}. We use K in
calligraphy to denote a subset of [K]. Let K = {K | I C [K]} denote the power set of [K].
We also use blackboard bold font to denote subsets of K. For example, M C K denotes that
M is a subset of K.

We will use A; ~ B; to denote the least-squares fit of A;’s on B;’s, which is purely a

. . . . P .
numerical procedure without assuming a linear model. Let — denote convergence in proba-
bility, and ~~ denote convergence in distribution.

2. Setup of factorial designs. This section introduces the key mathematical compo-
nents of factorial experiments. Section 2.1 introduces the notation of potential outcomes and
the definitions of the factorial effects. Section 2.2 introduces the treatment assignment mech-
anism, the observed data and the regression analysis of factorial experiment data. Section 2.3
uses a concrete example of a 23 factorial experiment to illustrate the key concepts.
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2.1. Potential outcomes and factorial effects. We first introduce the framework of a 2%
factorial design, with K > 2 being an integer. The design has K binary factors, and factor &
can take value zx € {—1, 1} fork =1, ..., K; we use the £1 coding of the factors because of
its convenience for later parts and can modify the results under the 0-1 coding of the factors.
Let z = (z1, ..., zx) denote the treatment combination with factor levels zy, ..., zx. The K
factors in total define Q = 2X treatment combinations, collected in the set below:

T={z=(,.--,zx) lzx€e{—1, 1} fork=1,...,K} with|T|= Q.

We follow the potential outcome notation of Dasgupta, Pillai and Rubin [9] for 2% factorial
designs. Unit i has potential outcome Y;(z) under treatment combination z. Corresponding
to the Q = 2X treatment combinations, unit i has Q potential outcomes, vectorized as Y; =
{Yi (2)};e7 using the lexicographic order based on the treatment combinations. Over units
i=1,..., N, the potential outcomes have finite-population mean vector Y = (Y(2)),e7 and
covariance matrix S = (S(z, 2'));.7e7, with elements defined as follows:

N N
21) Y@= L > Yi@), S(z.)=——=) (Yi@ - Y@)(Yi(z') - Y ().
N4 N-15
We then use the potential outcomes to define factorial effects. For a subset K C [K] of the
K factors, we introduce the following “contrast vector” notation to facilitate the presentation.
To start with, we define the main causal effect for factor k. For a treatment combination
z2=1(21,...,2x) € T, weuse g (z) = zx to denote the “centered” treatment indicator z;. We
then define a Q-dimensional contrast vector g} by concatenating these centered treatment
indicators in the lexicographic order of z € T, that is,

(2.2) gy = {8 @}.cp.  where gy (z) = z.

Next, for the interactions of multiple factors in K with || > 2, we define the contrast vector
gk € RQ as

(2.3) gk ={gx @)}, e Wwhere gx(2) =[] gm@ =[] z-
kel kel

Finally, for the average of potential outcomes, we define gz = 19, which is orthogonal to all
the contrast vectors. Stack the gx’s into a O x Q matrix

(2.4) G=0(80,8{1}),---+8(K}» 81,2} -+ 8IK—1,K}> - -+ 8[K])»

which has orthogonal columns with GG = Q - I o- We refer to G as the contrast matrix.

Equipped with the contrast vector notation, we are ready to introduce the main effects and
interactions. We define the main causal effect of a single factor and the k-way interaction of
k factors (k > 2) as the inner product of the contrast vector gx, and the potential outcome
mean vector Y

=0 . glY forKcI[K].

For the convenience in description, we use 75 = Q!¢ Y to denote the average of potential
outcomes. We call the effect txc a parent of ti if K C K’ and |K| = |K'| — 1. We summarize
the entire collection of causal parameters as

T=(t)kck1=0 - G'Y.

The above definition for factorial effects differs from [9] by a constant of 2, which does
not change the problem fundamentally but has a better mathematical structure under our
framework.
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2.2. Treatment assignment, observed data and regression analysis. Under the design-
based framework, the treatment assignment mechanism characterizes the completely ran-
domized factorial design. The experimenter randomly assigns N (z) units to treatment com-
bination z € 7, with }_, .+ N(z) = N. Assume N(z) > 2 to allow for variance estimation
within each treatment combination. Let Z; € 7 denote the treatment combination for unit i.
The vector (Zy, ..., Zy) is arandom permutation of a vector with prespecified number N (z)
of the corresponding treatment combination z, for z € 7.

For each unit i, the observed treatment combination Z; only reveals one potential out-
come. We use Y; =Y;(Z;) =) .7 Yi(z)l{Z; = z} to denote the observed outcome. We use
N; = N(Z;) to denote the number of units for the treatment combination to which unit i is
assigned to. The central task of causal inference in factorial designs is to use the observed
data (Z;, Yi)lN: | to estimate the factorial effects. Define

N N
YQ=N@ 'Y HzZi=zY, Seo={N-1}"' Y 1Z =z -V()
i=1 i=1
as the sample mean and variance of the observed outcomes under the treatment combination
z. Recall that § is the finite population covariance matrix of the potential outcomes defined
in (2.1). Let Dy = Diag{N(z)~ 18(z, 2)}ze7. Vectorize the sample means as Y = (Y(z))ZGT,
which has mean Y and covariance matrix V3 = Dy — N~'S [25]. An unbiased estimator for
Dy is

Vy = Diag{N(2)"'S(z,2)}, o1+

whereas the covariance matrix S does not have an unbiased sample analog because the po-
tential outcomes across treatment combinations are never jointly observed for the same units.
Therefore, VY is a conservative estimator of the covariance matrix of ¥ in the sense that
E{VY} =Dy = Vy.

A dominant approach to estimating factorial effects from factorial designs is through esti-
mating least-squares coefficients based on appropriate model specifications. Let g; denote the
row vector in the contrast matrix G corresponding to unit i’s treatment combination Z;, that
is, gi ={gx(Zi)}kcik] € R with gx(z) defined in (2.3). We can run ordinary least squares
(OLS) to obtain unbiased estimates for the factorial effects:

N
(2.5) T = argmin Y;
gmi ;(

With a small K, we can simply fit the saturated regression by regressing the observed out-
come Y; on the regressor g;. The saturated regression involves Q = 2K coefficients without
any restrictions on the targeted factorial effects.

In contrast, an unsaturated regression with weighted least squares (WLS) involves fewer
coefficients by regressing the observed outcome Y; on g; n, a subvector of g;, where Ml C K
is a subset of the power set of all factors:

N
(2.6) = arg man w; (Y — g, M‘L’)2 with w; = 1/N;.

i=1
The above least squares fit in (2.5) and (2.6) are based on a fact in factor-based regressions:
to get unbiased estimates for a set of factorial effects, one can either run OLS/WLS with a
saturated model or run WLS including that particular set of effects with an unsaturated model.
Such a result is established in, for example, Section 5.4 and Section A.5 of [48].

For the convenience of description, we will call M a working model. We use a working

model to generate estimates based on least squares without assuming the corresponding linear
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model is correct. When M = K, (2.6) incorporates the saturated regression (2.5). Based on
the unsaturated regression with working model M, let

T(M) ={Tc}kem and (M) = {rxc}cem
denote the vectors of estimated and true coefficients, respectively. T(M) has the following
closed-form expression:
M) = (X" WX) (X TWY) (closed-form solution of WLS)
=G, MG, M)} G, M)TY)
(units under the same treatment arm share the same regressor)
=07 'G(-\M)TY.

Because T(M) is a linear transformation of Y, we can use the following estimator for its
covariance matrix:

- 1 ~
2.7) ¥ (M) = @G(-, M) V3G (-, M).
See Lemma S1 in Section A.1 of the Supplementary Material [36] for more discussions on
the above algebraic results for unsaturated regressions.

REMARK 1. The terminology “saturated regression” here means that the factor-based
linear regression takes the full set of elements in g; as regressors, while the “unsaturated
regression” only takes a subset. In the experimental design literature, the word “saturated”
has a different meaning in the terminology “saturated design,” which is used to indicate that
the number of observations in the design equals the number of effects in the model.

2.3. An example of a 23 factorial design. The above notation can be abstract. In this
section, we provide an illustrating Example 1 below with K = 3 factors.

EXAMPLE 1 (23 factorial design). Suppose we have three binary factors z;, z» and z3.
These three factors generate 8 treatment combinations, indexed by a triplet (z1z2z3) with
z1, 22, 23 € {—1, 1}, in the set (keeping the signs but omitting “1”)

Each unit i has a potential outcome vector Y; = {Y; (Z1zzz3)}T

‘ ‘ AR The vector of fac-
torial effects is

T= 2—30TYé (To, T(1)> TR} T3} T(1.2)> T(1.3)» T2.3) T(1.2.3)) | »
where G is the contrast matrix

To T} T2y B T2y T3y T3} T{1.2.3)

(———) /1 =1 -1 -1 1 1 1 1
——+Hf1 -1 -1 1 1 -1 -1 1
-+ 1 -1 1 -1 -1 1 -1 1

G+ -t 1 1 -1 -1 —1

“+-9]1 1 -1 -1 -1 -1 1 1
+-Hol1 1 -1 1 -1 1 -1 -1
++=1 1 1 -1 1 =1 -1 -1
++H\1 1 1 1 1 1 1 1
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We observe the pair (Y;, Z;) for unit i, where Z; = (z; 1, z; 2, 2;,3) is the observed treatment
combination for unit i. Recall g((Z;) = z; . For the factor-based regression, the regressor
gi corresponding to the treatment combination Z; equals
-
gi =1, guy(Zi), gy(Zi), e3(Z), gpn.31(Zi), gu3y(Zi), gn.2(Z), gu23(Zd)] .
For instance, when Z; = (4 — +), the regressor g; corresponds to the row (+ — +) of the
contrast matrix G. Then a saturated regression is to regress Y; on g;. For the unsaturated
regression, if we only include indices @, {1}, {1, 2}, {1, 3}, {1, 2, 3}, we can form the working
model M = {&, {1}, {1, 2}, {1, 3}, {1, 2, 3}} and perform WLS Y; ~ g; v, where
T
gim=[1, guy(Z), gu3(Z), gn.y(Z), gu.2.3(Zi)]

and the weight for unit i equals 1/N; = 1/N(Z;).

3. Forward selection in factorial experiments. In factorial designs with small K, we
can run the saturated regression to estimate all factorial effects simultaneously [29, 48]. How-
ever, when K is large, estimation and inference of the causal effects fall into new regimes,
especially when each treatment combination only contains limited replications. Moreover, it
is difficult to interpret a large number of estimates for factorial effects. As a remedy, forward
selection is a popular strategy frequently adopted to analyze data collected from factorial
experiments, due to its benefits in ruling out zero nuisance factorial effects in a systematic
way. In this section, we formalize forward selection as a principled procedure to select an
unsaturated working model M. We first present a formal version of forward selection and
then demonstrate its consistency property.

3.1. A formal forward selection procedure. In this subsection, we introduce a principled
forward selection procedure that not only respects the effect hierarchy, sparsity and heredity
principles but also results in an interpretable parsimonious model with statistical guaran-
tees. More concretely, the algorithm starts by performing factor selection over lower-order
effects, then moves forward to select higher-order effects following the heredity principle.
Algorithm 1 summarizes the forward selection procedure. In what follows, we illustrate why
the proposed procedure in Algorithm 1 respects the three fundamental principles in factorial
experiments.

First, Algorithm 1 obeys the hierarchy principle as it performs factor selection in a forward
style (coded in the global loop from d = 1 to d = D < K with prespecified D that represents
the maximum number of factors in the selected working model, Step 2 in particular). More
concretely, we begin with an empty working model. We then select main effects (Steps 4 and
8) and add them into the working model. Once the working model is updated, we continue to
select higher-order interaction effects in a forward style. Such a forward selection procedure
is again motivated by the hierarchy principle that lower-order effects are more important than
higher-order ones.

Second, Algorithm 1 operates under the sparsity principle as it removes potentially unim-
portant effects using marginal 7-tests with the Bonferroni correction (see Step 8). This step
induces a sparse working model and helps us to identify important factorial effects. The
sparsity-inducing step can incorporate many popular selection frameworks, such as marginal
t-tests, Lasso [38], sure independence screening [12], etc. For simplicity, we present Algo-
rithm 1 with marginal ¢-tests and relegate general discussions to Section A.3 of the Supple-
mentary Material.

Third, Algorithm 1 incorporates the heredity principle as it rules out the interaction effects
[20, 26, 43] when either none of their parent effects is included (weak heredity) or some of
their parent effects are excluded (strong heredity) in the previous working model (see Step 4).



FORWARD SELECTION AND POST-SELECTION INFERENCE IN FACTORIAL DESIGNS 513

Algorithm 1: Forward factorial selection

Input: Factorial data {(Y;, Zi)}fvz 1> prespecified integer D < K; initial working
model M = {2}; prespecified significance levels {o;} 5’:1.

Output: Selected working model M.

Define an intermediate working model M = M for convenience.

ot

2ford=1,...,D do

3 Update the intermediate working model to include all the d-order (interaction)
terms: M/ = MU {K | |K| =d} £ M UK.

4 Drop indices in M according to either the weak or strong heredity principles, and
renew the selected working model as M. _

5 Run the unsaturated regression with the working model M':

Yi ~ g 5 with weights w; = 1/N;.
6 Obtain coefficients ?(M/ ) and robust covariance estimation f(M’ ) defined in

2.7).

7 Obtain Tic(M') and 3,% (M) for all K € M with |K| = d, where 8,% (M) is the
variance estimator in the diagonal values of = (M) corresponding to the factor
combination /C.

8 Run marginal 7-tests using the above Ty (M/ ) and 8,% (I\W ) under the significance
level minA{ozd/(|M’| — |M|), 1} and remove the nonsignificant terms from M’\M.
9 Set Ml =M.

10 return M.

Lastly, Algorithm 1 enhances the interpretability of the selected working model by it-
erating between the “Sparsity-selection” step (Step 8, called the S-step in the rest of the
manuscript), captured by a data-dependent operator S = S(-; {Y;, Z; }f\; 1)» and the “Heredity-
selection” step (Step 4, called the H-step in the rest of the manuscript), captured by a deter-
ministic operator H = H(-). Because the working model is updated in an iterative fashion,

Ty 2 By 5> Bl 5> By~ By~ By = - > T,
the final working model includes effects that fully respect the heredity principle.

REMARK 2. While forward selection has been set up as a standard tool in the literature
(e.g., [20, 39]), we provided Algorithm 1 as it is customized for the factorial designs. More
specifically, Algorithm 1 differs from existing proposals [20, 39] from several perspectives. (i)
The tools for effect selection are different. In Algorithm 1, we use factor-based regression and
robust variance estimation, which do not assume the true outcome model is linear. In contrast,
the forward regression procedure in [20, 39] selects the variables by iteratively minimizing the
residual sum of squares. The validity of their procedure relies on the linear model assumption
and the homoskedasticity of the noise. (ii) The theoretical justification is different. We study
the property of forward selection from the design-based perspective, where the randomness
originates from the treatment assignment. On the contrary, [20, 39] focus on linear models
as the underlying data-generating process, where the randomness comes from the outcomes.
The forward selection procedure requires novel theoretical justification under the design-
based framework.
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3.2. Consistency of forward selection. We are now ready to analyze the selection consis-
tency property of Algorithm 1. We shall show that Algorithm 1 selects the targeted working
model up to level D with probability tending to one as the sample size goes to infinity. Here,
the targeted working model at level k € [K ], denoted as M, is the collection of X’s where
|KC| = k and txc # 0. Define the full targeted working model up to level D as

D

* *

1:D = U Md-
d=1

In particular, when D = K, we omit the subscript and simply denote M* = M. ...
We start by introducing the following condition on nearly uniform designs.

CONDITION 1 (Nearly uniform design). There exists a positive integer No and constants
¢ <c, such that

N(z) =c(z)No>2, wherec<c(z)<c,

where ¢ and ¢ are universal constants that do not depend on other quantities.

Condition 1 is a finite sample characterization of the design. It allows either Q or Ny
(thus N(z) across all treatment combinations) to diverge [35]. It generalizes the classical
assumption where Q is fixed, and each treatment combination contains a sufficiently large
number of replications [25]. The quantities Q, Ny, c(z) can vary for different design settings,
which leads to different asymptotic regimes. In general, N has the order of O(Q Ny) under
Condition 1.

Next, we quantify the order of the true factorial effect sizes 7x:’s and the tuning parameters
ag’s adopted in the Bonferroni correction in Algorithm 1. We allow these parameters to
change with the sample size N.

CONDITION 2 (Order of parameters). The true factorial effects tx:’s and tuning parame-
ters ag’s have the following orders:

(1) True nonzero factorial effects: |txc| = ®(N5)f0r some —1/2 <8 <0and all K € Mj.p.

(i) Tuning parameters in Bonferroni correction: ag = O (N ) for all d € [ D] for some
8 >0.
(iii) Size of the targeted working model.: Zfl)zl M| = @(N‘S”)for some 0 < 8" <1/3.

Condition 2(i) specifies the allowable order of the true factorial effects. If Condition 2(i)
fails with a § < —1/2, the effect size is of the same or smaller order as the statistical error,
and thus is too small to be detected by marginal 7-tests. As a special case, when the number
of nonzero factorial effects has a finite upper limit as N — oo, then Condition 2(i) is satisfied
with 6§ = 0. Similar conditions are also adopted in the variable selection literature under the
linear model, including [51] and [42]. Condition 2(ii) requires the tuning parameter oy to
converge to zero, which ensures that there is no Type I error asymptotically in our procedure
as N goes to infinity, which is crucial for the selection consistency. Wasserman and Roeder
[40], Theorems 4.1 and 4.2, assumed similar conditions in the variable selection literature
under the linear model. Condition 2(iii) restricts the size of the targeted working model. The
rate is due to our technical analysis. As a special case, when the number of nonzero effects
is a constant that does not grow with N, it suffices to set 8” = 0. Similar conditions also
appeared in [42, 51] and [40].

The next condition specifies a set of regularity assumptions on the potential outcomes.
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CONDITION 3 (Regularity conditions on the potential outcomes). The potential out-
comes satisfy the following conditions:

(i) Let V* be the correlation matrix of Y. There exists o > 0 such that the condition number
of V* is smaller than or equal to 2.
(ii) There exists a universal constant v > 0 and S > 0 such that
max |Y; -Y <, min S(g,q) > S.
ie[N]’qe[Q]\ i(q) —Y(q)| [min (q.9)>S

Condition 3(i) requires the correlation matrix of Y to be well behaved. Condition 3(i1)
imposes a universal bound on potential outcomes and their variances, which is a sufficient
condition by [35] to prove the Berry—Esseen bound based on Stein’s method.

Lastly, we impose the following structural conditions on the factorial effects.

CONDITION 4 (Hierarchical structure in factorial effects). The nonzero true factorial
effects obey the effect heredity principle:

o Weak heredity: tic # 0 only if there exists K' C KC with |K'| = |K| — 1 such that Ty # 0.
o Strong heredity: tic # 0 only if Tir # 0 for all K' C K with |[K'| = |K| — 1.

Finally, we present the selection consistency property of Algorithm 1.

THEOREM 1 (Consistent selection property). Under Conditions 1-4, we have

lim P{M=M;,}=1.
N—o0 :

Theorem 1 guarantees that the working model selected by Algorithm 1 converges to the
targeted working model with probability one as the sample size goes to infinity. Here, we used
the terminology “consistent selection” that is coherent with [34]. A closely related property is
“screening consistency,” which is a terminology by [12] and refers to the fact that the selected
model covers the true model with high probability and allows for overselection.

4. Inference under selection consistency. Statistical inference is relatively straightfor-
ward under the selection consistency of the factorial effects as ensured by Theorem 1. If
forward selection correctly identifies the true, nonzero factorial effects with probability ap-
proaching one, we can proceed as if the selected working model is not data-dependent. In
Section 4.1, we present the point estimators and confidence intervals for general causal pa-
rameters. In Section 4.2, we study the advantages of forward selection in terms of asymptotic
efficiency in estimating general causal parameters, compared with the corresponding estima-
tors without forward selection. We relegate the extensions to vector parameters to Section
A.2 of the Supplementary Material since it is conceptually straightforward.

4.1. Post-selection inference for general causal parameters. Define a general causal pa-
rameter of interest as a weighted combination of average potential outcomes,

y=Y f@QY@=['Y,
zeT
where f ={f(2)};e7 is a prespecified weighting vector. For example, if one is interested in
estimating the main factorial effects, then f can be taken as the contrast vectors g} given
in (2.2). If one wants to estimate interaction effects, then f can be taken as the gx given in
(2.3). However, we allow f to be different from the contrast vectors gi. For instance, if we
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focus on the first two arms in factorial experiments and estimate the average treatment effect,
we shall choose f = (1, —1,0,...,0)". In general, researchers may tailor the choice of f to
the specific research questions of interest.

Without factor selection, the plug-in estimator of y is to replace Y with its sample analogue
[25, 35, 48]:

(4.1) P=r1Y=3Y fY@.
zeT

Under regularity conditions in [35], the plug-in estimator ' satisfies a central limit theorem
7 — y)/v~» N(0,1) with the variance v> = f T Vy f. When N (z) > 2, its variance can be
estimated by

P=f"Vef=Y f@?N@ 'S 2).
z€T

With factor selection, based on the selected working model M, we consider a potentially
more efficient estimator of Y via the restricted least squares (RLS)

(4.2) Ve =arg m};&n{nY w3 G(. M) =0},

which leverages the information that the nuisance effects G (-, MC)T7 are all zero. The Yy in

(4.2) has a closed-form solution:
Y= 0 'G(,M)G(-,M) Y.
To show this, due to the orthogonality of G, we have the following decomposition:
7=07'G(. MG, TTY + 7' G(-, M)G(, M) ¥
By the constraint in (4.2), we have

1Y —ul?=]07'G(.M)G(-, M) Y|* + [0~ G(-.M)G (-, M) Y — u]?

which is minimized at
A=Y=0"'G(.MG(-.MTY.

I satisfies the constraint in (4.2), and thus is the solutlon for (4.2). Using this expression, we
conclude that if Ml = M* almost surely, then IE{YR} =

Under selection consistency, YR is also a consistent estimator for Y, so 7 = f YR is also
consistent for y. Introduce the following notation:

(4.3) fM1=Q7'G(.M)G(, M) f
to simplify 7% and its variance estimator as
Zo=fIMITY and O3 = fM]" V5 f[M.
Construct a Wald-type level-(1 — «) confidence interval for y:
4.4) [Vr £ 21—a/2 - VR,

where z1_q/2 is (1 — a/2)th quantile of a standard normal distribution. We can also obtain
point estimates and confidence intervals handily from WLS of ¥; on g; g with weights 1/N;.
See Section A.1 in the Supplementary Material for more details on using WLS for estimation.
In the following subsection, we provide the theoretical properties of 3z and ﬁ,%, and com-
pare their asymptotic behaviors with the plug-in estimators 7 and 92 in various settings.
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4.2. Theoretical properties under selection consistency. In this subsection, we first
present the asymptotic normality result for y&. To simplify the discussion, we denote f* =
FIM*]. Given M* is the true working model, we have (f*)'Y = f 'Y, forall f € R2, be-
cause

FIY=f{07'G(M)G (M) + 07'G(, M*)G (-, M*) T }Y
(due to the orthogonality of G)
= ()Y + G(-, M*) 7t (M**) (definition of £* based on (4.3))
= (f*)TY. (using T (M*) = 0).

We are now ready to present the asymptotic properties of Y and ﬁﬁ.

THEOREM 2 (Statistical properties of 7 and 93). Let N — o0o. Assume Conditions 1—4.
We have

YR —V

Ur

~» N(0, 1)

where vR T Vy f*. Further assume || f*|lcoc = O(Q~ Y. The variance estimator vl% is
conservative in the sense that

~2 2 P 2 2
N(UR - vR,lim) -0, VR lim = Vg>
2  x Ty s Lo ~2
where vy, = f*' Dy f* is the limiting value of V.

Theorem 2 above guarantees that the proposed confidence interval in (4.4) for y attains the
nominal coverage probability asymptotically. Below we provide some detailed discussion.

First, the asymptotic regime of Theorem 2 is that N — oo, which is equivalent to
QNy — oo based on Condition 1. This covers the classical regime where Q is fixed and
No converges to co. In this regime, enough replications within each arm guarantee that the
point estimates for all arms converge jointly to a multivariate normal distribution and that the
variance estimators converge in probability. However, when Ny is small but Q diverges, the
joint normality fails. In this case, the asymptotic properties of the point estimates and vari-
ance estimators are guaranteed by pooling the outcomes from a large number of treatment
combinations due to large Q. Interestingly, both small and large Q regimes are unified by the
finite sample probability results provided in Section B.1.

Second, we dlscuss the condition || f*||oc = O(Q ™). The condition requires each element
of f* has order 0~ !, which averages the outcome information over Q treatment combina-
tions. Averaging outcomes across different treatment combinations is especially important
for guaranteeing the convergence of the point estimates and variance estimates when Q di-
verges. This condition holds under many settings and is motivated by some specific examples
of f.One special case is that f = Q! gx for some K € M*, which gives || f*[loc = O~ '. As
another special case, when f = (1,0,...,0)", we have || f*|loc = Q!|M*| and the condi-
tion holds when |M*| has constant order. This example is important in the application of best
arm identification, which we shall discuss in the Supplementary Material A.4.

Third, Theorem 2 allows us to compare the conditions for reaching asymptotic normality
of 7, which we formalize in the following remark.

REMARK 3 (Comparison of conditions for asymptotic normality). Without factor selec-
tion, the simple plug-in estimator ¥ in (4.1) satisfies a central limit theorem if

4.5) Ny 2 —””ff ”HOZ" -0
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recalling the definition of Ng in Condition 1 (See Theorem 1 of Shi and Ding [35]). Condi-
tion (4.5) fails when N is small and f is sparse. Besides, it does not incorporate the sparsity
information in the structure of factorial effects. With factor selection, however, we can bor-
row the benefit of a sparse working model and overcome the above drawbacks. Therefore,
factor selection broadens the applicability of our proposed estimator y; by weakening the
assumptions for the Wald-type inference.

Fourth, we elaborate on the benefits of conducting forward factorial selection in terms of
asymptotic efficiency. We compare the asymptotic variances of ¥ and % in Proposition 1
below. In the most general setup, there is no ordering relationship between v% and v>. That
is, the RLS-based estimator may have a higher variance than the unrestricted OLS estimator.
This is a known fact due to heteroskedasticity and the sandwich variance [32, 48]. Never-
theless, in many interesting scenarios, we can prove an improvement in efficiency by factor
selection. Two conditions are summarized in Proposition 1.

PROPOSITION 1 (Asymptotic relative efficiency comparison between ¥ and 7). Assume
that both 7 and Py converge to normal distributions with variances v* and v]% as N — oo.

(1) If the covariance matrix Vy is ol 0, then

(ii) Let s* denote the number of nonzero elements in f. Then the asymptotic relative effi-
ciency between y and g is upper bounded by

v% §* | M|

S k(Vy) o

0

Proposition 1(i) gives a sufficient condition assuming that the potential outcomes are ho-
moskedastic and uncorrelated. Proposition 1(ii) studies a general heteroskedastic setting with
sparse weighting vector f and small working model size |[M*|. The condition number « (V)
captures the variability of the variances of Y (z) across multiple treatment combination groups
in 7. When the variability is upper bounded by « (Vy) < Q/(s*|M*]), the RLS-based esti-
mator is more efficient than 7. As an application, in Section A.4 we use Proposition 1(ii) to
solve the problem of inferring the best arm in factorial experiments. Moreover, we emphasize
that Proposition 1 only provides two sufficient conditions, and i can be more efficient than
¥ even if those conditions fail.

There are also interesting examples that demonstrate the advantage of factor selection but
are not covered by Proposition 1. One concrete problem of interest is testing the sharp null
hypothesis of zero effects in uniform factorial designs (with Ny replications in each arm), that
is,

Hor:Yi(z)=Y; forallie[N]andzeT.
Under Hgg, we have
Ve =Ny 'o%-Ig— N~ 'a?1p1)),

obs

where 0% = (N — D! lN:l(Yi —Y )% and YObS =N"! ZINZ1 Y;. We can verify that Vy

has eigenvalue decomposition

Vy = Ny '0?G Diag{0, 1,...,1}G T
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where G is the contrast matrix (2.4). Recalling that K is the full working model. The variances
of the two estimators are

v =Ny '’ fTGKGHR S,
- * * T
vp=Ng '’ fTG(.M)G(-. M) .
This implies that v2 > v% because we always have
G K)G K =G, M)G(-.M*)".
Therefore, under Hor, the proposed RLS-based estimator 3% is more efficient than the plug-in
estimator ¥.
Moreover, we can extend Proposition 1 to compare the length of the confidence intervals

as well. The conclusion is similar. See Proposition S1 in the Supplementary Material for the
details.

5. Post-selection inference under inconsistent selection. Similar to many other con-
sistency results for variable selection, the selection consistency property in Theorem 1 can
be difficult to achieve due to the strong regularity conditions. This is because the selection
consistency property of forward selection requires the nonzero effects to be well separated
from zero. Such a theoretical requirement can be stringent for higher-order factorial effects.
In other words, as implied by the hierarchy principle, while main factorial effects and lower-
order factorial effects are more likely to have nonnegligible effect sizes, higher-order factorial
effects tend to have smaller effect sizes. The selection consistency property is less likely to
hold for higher-order effects. More rigorously, when Condition 2(i) is violated, Algorithm 1
may no longer enjoy the selection consistency property.

Statistical inference without selection consistency is not a trivial problem in factorial de-
signs. If we do not impose any restrictions on the factorial selection procedure, the selected
model can be arbitrary, even without a stable limit. Classical strategies for post-selection in-
ference [23] have various drawbacks in our current setup. For example, data splitting [40] is
a widely used strategy to ensure valid inference after variable selection due to its simplicity.
However, it relies on the independent sampling assumption, which is violated in our setting.
Also, data splitting faces the conceptual challenge of making inference of a random param-
eter. Alternatively, selective inference [14] is another widely studied strategy, which can de-
liver valid inference for data-dependent parameters. However, it cannot be directly applied
to analyze data collected in factorial designs, because the selective inference strategy often
relies on specific selection methods and parametric modeling assumptions on the outcome.

Rather than directly generalizing classical post-selection inference methods to factorial
experiments, in this section, we shall discuss two alternative strategies (summarized in Fig-
ure 1) leveraging the special structures in factorial experiments and discuss the corresponding
statistical inference results.

5.1. Two strategies for inconsistent selection and statistical inference. 'We propose two
strategies based on the assumption that selection consistency is more plausible for selecting
the main factorial effects and lower-order factorial effects up to level d* than the higher-order
effects. We will add more discussion on d* after presenting these two strategies.

In certain research questions, higher-order interactions are nuisance parameters, or there is
domain knowledge indicating that higher-order interactions are negligible. Then we can stop
our forward selection procedure in Algorithm 1 at d = d* < D (instead of d = D). Such a
strategy focuses on recovering a targeted working model M* up to level d*, that is,

e
M= M M,
d=1
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Ereltndls ot Underselection with
effects (Strategy 1) ——> the targeted work-
ey ing model M*
no
Seloot the first 2 levels |—s! Are higher-order
et Ui i cevels effects important?
yes
Select higher-order effects Overselection with the tar-
by heredity (Strategy 2) geted working model M

FI1G. 1. Two strategies for factorial selection: Strategy 1 underselects whereas Strategy 2 overselects, depending
on whether higher-order effects are important or not.

which leads to an underselected working model. We summarize this strategy below.

STRATEGY 1 (Underselection by excluding higher-order interactions). In Algorithm 1,
we stop the selection procedure at d = d*. Equivalently, we set og =00 ford = d* + 1 so
that no effects beyond level d* will be selected and M= U4 q—1 M.

In Strategy 1, g = 00 leads to never rejecting the null hypothesis of zero effects, which ex-
cludes the higher-order interactions. Given the selected working model M, we can construct
an estimator of y = f 'Y (defined in Section 4.1) based on RLS:

o= fIMITY, and O3, = fIM]T V5 f[M].

For Strategy 2, rather than excluding all higher-order interactions with negligible effects,
we may further leverage the heredity principle and continue our selection procedure beyond
level d*. This means that instead of selecting the higher-order interactions via marginal ¢-test
and Bonferroni correction, we select the higher-order interaction terms whenever either all
of their parent effects are selected (strong heredity), or one of their parent effects is selected

(weak heredity). Such a strategy takes higher-order factorial effects into account and targets
a working model M

D * *
K % Vv M d=<d~
M =| |M,, where M;=1{ & 5 -
L:Jl d 47 YO (ME.), d*+1<d<D,
where H@~?")(.) means applying the H(-) operator (d — d*) times. This strategy is expected
to yield an overselected model that includes M*. We summarize this strategy as follows.

STRATEGY 2 (Overselection by including higher-order interactions through the heredity
principle). In Algorithm 1, set ag =0, d > d* + 1 and apply a heredity principle (either
weak or strong, depending on the knowledge of the structure of the effects). Then the higher-
order effects beyond level d* are selected merely by the heredity principle and

D

= -~ ~ Algorithm 1 Output, d <d*;
M= U My where My = goritim 1 Lutput, -7
d=1

HY=4) (M), d*+1<d<D,

where H9=4") s the (d — d*)-order composition of H, meaning applying H for (d — d*)
times.

In Strategy 2, oy = 0 means always rejecting the null hypothesis of zero effect size, which
corresponds to always including higher-order interactions. Given the selected working model
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~

M, we can construct an estimator of y = f ' Y based on RLS:
ro=fIMI'Y and B, = fIM]" Vg f[M].

In real-world factorial experiments, how should practitioners choose between Strategy 1
and Strategy 2? This relies on the domain knowledge and the research question of interest.
Strategy 1 is more suitable when there is domain knowledge that higher-order interactions are
negligible, or when the research question only involves lower-order factorial effects. More-
over, Strategy 1 is more suitable when the number of active lower-order interactions is large
and Strategy 2 cannot be applied. Meanwhile, Strategy 2 works better when domain knowl-
edge suggests nonnegligible higher-order interactions or the research question targets a more
general parameter beyond the factorial effects. Strategy 2 also works well when the number
of active lower-order interactions is small, and we can include all the corresponding higher-
order terms according to the heredity principle.

Another component that appears in Strategies 1 and 2 is the parameter d*. In practice, d*
should be determined by the research question of interest as well as the domain knowledge.
A usual choice is d* = 2, because many research questions typically involve only main ef-
fects and two-way interactions. This also reflects the common practice in analyzing factorial
experiments, which is assuming away all the higher-order interactions beyond the two-way
effects [10, 20, 48]. This is usually supported by the domain knowledge that higher-order
interaction signals beyond level d* = 2 are weak. In general, it is an interesting question to
propose some data-adaptive procedure for selecting d*. We save this as a future effort.

In the following subsection, we study the statistical properties of (Vko, Uro) and (Yru, Ury)
and demonstrate the trade-offs between the two strategies.

5.2. Theoretical properties under inconsistent selection. Throughout this subsection, we
discuss the scenario where selection consistency is hard to achieve. We relax Condition 2 as
follows.

CONDITION 5 (Order of parameters up to level d*). Condition 2 holds with D = d*.

Condition 5 no longer imposes any restriction on the order of the parameters beyond
level d*. Diving into the proof of Theorem 1, we can see that Condition 5 guarantees
that Algorithm 1 perfectly screens the first d* levels of factorial effects in the sense that
P{My =M ford =1,...,d*} — 1.

We start by analyzing the statistical property of gy with M obtained from the underselec-
tion Strategy 1. Because the selected working model can deviate from the truth beyond level
d*, Yru may not be a consistent estimator of y. Therefore, we focus on weighting vectors f
that satisfy certain orthogonality conditions as introduced in Theorem 3 below.

THEOREM 3 (Guarantee for Strategy 1). Recall (4.3) and define i* = fIM*] =
0~ 'G(,M"G(-,M*)T f. Assume Conditions 1, 3, 4, 5 and f satisfies the following or-
thogonality condition:

(5.1) G(-\M)' ' f=0 ford*+1<d<K.
Let N — o0o. We have

Yru — ¥

Uru

~N(0, 1),
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where U]%U =f xT Vy f*. Further assume || f*|loo = O0(Q~Y). The variance estimator ’ﬁ]%U is

conservative in the sense that

~2 2 p 2 2
N (Vg — URU,lim) =0,  VRylim = Vruo

2

where VRu.lim

= f*TDyf* is the limiting value ofﬁﬁU.

Now we discuss the key condition (5.1) in Theorem 3. The orthogonality condition in (5.1)
restricts the weighting vector f to be orthogonal to the higher-order contrasts. Intuitively,
because the higher-order interactions are excluded from the model, making inference on a
weighted combination of those excluded interactions infeasible. One set of weighting vectors
satisfying (5.1) is the contrast vectors of nonzero canonical lower-order interactions, given by
f = gx for some K € Ug*:l M. In large K settings, the number of lower-order interactions
grows polynomially fast in K, which leads to difficulty for interpretation. As an example,
when K = 10, for the first two levels of factorial effects without selection, there are more
than 50 estimates in total. It can still greatly benefit the analysis and interpretation to filter
out the insignificant ones and obtain a parsimonious working model.

Without the condition in (5.1), Strategy 1 could lead to biased estimates when nonzero
higher-order interactions are excluded. An inconsistent model M, would miss a set of true
effects Mpiss = M*\Mip, and lead to the bias:

(5.2) Bias = Q' f T G (-, Miiss) T (Mpiss)-

From (5.2), the bias is determined by two parts. The first part is the size of the missing
nonzero effects, given by 7 (Mp;ss). If the excluded effects are large, then the bias will be
large. The second part depends on f TG (-, Mpiss). If the linear coefficient vector f is closer
to the span of the excluded contrasts G (-, Mlyiss), the bias will also be larger.

For Strategy 2, we have the following results.

THEOREM 4 (Guarantee for Strategy 2). Recall (4.3) and define f~ = f[M'] =
oG, W)G(-,W)Tf. Assume Conditions 1, 3,4 and 5. Let N — oo. If |W|/N — 0,
then

Yro 7V ~ N(0, 1),

Uro

T — . . ~2 .
where v2, = f" Vy f. Further assume || f||c = O(Q~"). The variance estimator 02, is

conservative in the sense that
~2 2 p 2 2
N (Uzo — vRO,lim) — 0, Vrolim = Vko-

—*T —* . Lo ~
where vl%o,lim =f Dy f isthe limiting value of UI%O.

There is an additional technical requirement in Theorem 4 for overselection: |M* |/N — 0,
which is a sufficient condition for the central limit theorem. The reason is that we need to
control the size of the target model M compared with the sample size N to infer a general
causal parameter. Nevertheless, when we focus on some specific parameters such as factorial
effects, this condition is not necessary.

Both Strategies 1 and 2 have advantages and disadvantages:

e Estimation bias. Underselection can induce bias for certain weighting vectors (quantified
by (5.2)) while overselection still ensures consistency.
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e Variance. The constructed estimator typically enjoys a smaller variance with underselec-
tion compared with overselection. We provide a discussion here in parallel with Proposi-
tion 1. If we consider the homoskedasticity condition that Vy equals 21 o forsome o > 0,
we can prove v2, < vZ,. Therefore, in this case, by excluding higher-order terms and pur-
suing underselection, we can obtain an equal or smaller asymptotic variance compared
with overselection. In general, due to heteroskedasticity, the order of vl%U and v%o depends
on the choice of target weighing vector f. Here, we take a sparse f =e; = (1,0,...,0)"
as an example. We can show that

2 *
Vru | M|
— <k(Vp)  —¢.
UI%O |W|

When the variability of V3 between treatment combinations is small in the sense that
k(Vy) < |M*|/ |M*|, underselection leads to smaller asymptotic variance for inferring
1Y=va
e, Y=Y(I).
e [Interpretability. Underselection leads to simpler models that are easier to interpret, while
overselection may not be practical if there are too many nonzero lower-order terms, which
can result in many redundant terms in the selected model.

If higher-order interactions are not crucial, Strategy 1 can be applied. If higher-order in-
teractions are of interest but hard to select, Strategy 2 can be applied.

6. Simulation. In this section, we use simulation to demonstrate the finite-sample per-
formance of the proposed forward selection framework and the inferential properties of the
RLS-based estimator. Our simulation results verify the following properties of the proposed
procedure and estimators:

(G1) The RLS-based estimator 3z demonstrates efficiency gain (in terms of improved power
and shortened confidence interval) compared with the simple plug-in estimator ¥ for
general causal parameters defined by sparse weighting vectors.

(G2) The factorial forward selection procedure provided in Algorithm 1 can improve the
performance of effect selection compared to naive procedure (i.e., selection without
leveraging the heredity principle).

(G1) echoes our discussion on the comparison of conditions and asymptotic variances for
central limit theorems in Remark 3 and Proposition 1. (G2) verifies the results in Theorem 1
and 2 and checks the finite sample behaviors of the proposed procedures. For both (G1) and
(G2), we will vary the sample size and effect size.

6.1. Simulation setup. We set up a 2K factorial experiment, with Ny units in each treat-
ment combination where K and Ny are varied across settings. We generate independent po-
tential outcomes from a shifted exponential distribution:

Yi(z) ~EXP(1) — 1+ u(2),

where (1 (z) is the superpopulation mean of potential outcomes under treatment combination
Z. We choose 1 (z) such that the factorial effects satisfy the following structure:

e Main effects: the main effects corresponding to the first five factors, 7y, ..., 7(5), are
nonzero; the rest of the three main effects, 7, . . ., 7(g}, are zero.

e Two-way interactions: the two-way interactions associated with the first five factors are
nonzero, that is, Ty # 0 for k # [, k, 1 € [5]. The rest of the two-way interactions are
Zero.

e Higher-order interactions: all the higher-order interactions tx are zero if || > 3.
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FI1G. 2. Simulation results supporting (G1). (i) Top left panel: power curve with varying Ny; (ii) Top right panel:
coverage probability with varying Ny; (iii) Middle left panel: power curve with varying effect size yiarger; (iv)
Middle right panel: coverage probability with varying effect size yiarger- (v) Bottom left panel: power curve with
varying number of factors K ; (vi) Bottom right panel: coverage probability with varying number of factors K .

The above setup of factorial effects guarantees that they are sparse and follow the strong
heredity principle. In the provided simulation results, we will vary the number of units in each
treatment combination, the size of the nonzero factorial effects, and the number of factors.
More details can be found in the R code attached to the Supplementary Material.

6.2. Simulation results supporting (G1). In this subsection, we evaluate the performance
of the RLS-based estimators (¥, Ur) compared with (¥, v) for testing a causal effect Yiarget =
f Ty specified by a sparse vector: f = (0,...,0, 1)—r e RC. Intuitively, Ytarget measures the
average of potential outcomes in the last level. For each estimator, we report: (i) power for
testing Ho : ptarget = 0. (i1) coverage probability of the 95% confidence intervals for piarget.
Figure 2 summarizes the results.

Figure 2 demonstrates that the RLS-based estimator »; has much higher power com-
pared with the simple moment estimator ¥ for inferring ytarget. This echoes Proposition 1
that the RLS-based estimator has reduced variance compared with the simple moment es-
timator. Moreover, the RLS-based estimator attains near nominal coverage probability with
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reasonably large No and yiarger, Whereas the simple moment estimator tends to provide under-
covered confidence intervals in all cases.

6.3. Simulation results supporting (G2). In this subsection, we compare the performance
of four candidate effect selection methods:

Forward Bonferroni. Forward selection based on Bonferroni corrected marginal ¢-tests;
Forward Lasso. Forward selection based on Lasso;

Naive Bonferroni. Selection with the full working model based on Bonferroni corrected
margin f-tests;

e Naive Lasso. Selection with the full working model based on Lasso.

For each selection method, we evaluate their performance with three measures: (i) se-
lection consistency probability P{M = M*}, (ii) power of y for testing Ho : Ytarget = O for
Yiarget defined in Section 6.2 and (iii) coverage probability of the RLS-based 95% confidence
interval for Ytarget. The results are summarized in Figure 3.

From Figure 3, all four effect selection methods lead to selection consistency with high
probability as Ny Or Yarget increases. Nevertheless, with the forward selection procedure,
the probability of selection consistency is higher than the naive selection procedure. Besides,
forward selection complies with the heredity structure and demonstrates better interpretability
than the naive selection methods. In terms of the power of yx and vy for testing H : Ytarget =
0, while all four methods have power approaching one as Ny and ytarger increases, forward
selection based procedures possess higher power with small Ny and Yiarget. Lastly, we can see
an improvement in the coverage probability of the RLS-based confidence intervals with the
forward selection procedure.

6.4. Violations of the conditions. In this subsection, we discussed the impact of the vio-
lation of the conditions on the performance of Algorithm 1.

Small effect size. Condition 2 assumes that the effect sizes should be of a certain order with
respect to the sample size N. Small effect sizes will impact the performance of the algorithm,
in terms of selection consistency probability, coverage, and power for post-selection infer-
ence, etc. For example, the middle panels in Figure 3 show how the selection consistency
probability power and coverage for inference vary with effect sizes in a factorial experiment
with K = 8 factors and Ny = 2 replications on each arm. If the effect sizes are too small com-
pared to the sample size, selection consistency is hard to achieve and post-selection inference
is also hurt by the bias generated from model misspecification. Nevertheless, the issue is
mitigated as the effect size increases to a larger level.

Failure of heredity. Condition 4 assumes that the factorial effects follow a weak/strong
heredity structure. For effects selection, failure of effect heredity typically leads to under-
selection in the interaction terms, because the effects that violate heredity will be ruled out
by the heredity step in Algorithm 1. For post-selection inference, failure of heredity will lead
to bias for the RLS-based estimator (4.2) and impact coverage and power for hypothesis test-
ing. If researchers are skeptical about the heredity principle in their studies, they can perform
Algorithm 1 without applying the heredity step.

7. Case study: Conjoint survey experiment regarding U.S. presidential candidates.
In this section, we apply the forward selection method to a real data example. In particular,
we analyze a conjoint survey experiment regarding U.S. citizens’ preferences across presi-
dential candidates studied by [18]. The study focuses on how the candidates’ traits impact
citizens’ preferences. The original experiment involves eight attributes of the imaginary can-
didate profiles: military service (z1), religion (z2), college education (z3), annual income (z4),
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FI1G. 3.  Simulation results supporting (G2). (i) Top row left panel: selection consistency probability with a small

Jfixed effect size Yiarger = 0.20, a fixed number of factors K = 8 and varying Ny; (ii) Top row middle panel:
power curve with a small fixed effect size yarger = 0.20, a fixed number of factors K = 8 and varying Ny; (iii)
Top row right panel: coverage probability with a small fixed effect size yiarger = 0.20, a fixed number of factors
K =8 and varying Ny; (iv) Middle row left panel: selection consistency probability with a small fixed replication
No =2, a fixed number of factors K =8 and varying effect size yiarger; (v) Middle row middle panel: power
curve with a small fixed replication Ny = 2, a fixed number of factors K = 8 and varying effect size yiarger; (Vi)
Middle row right panel: coverage probability with a small fixed replication Ny = 2, a fixed number of factors
K =8 and varying effect size Viarget. (vii) Bottom row left panel: selection consistency probability with a small
fixed replication Ny = 2, an effect size yiarger = 0.50 and a varying number of factors; (viii) Bottom row middle
panel: power curve with a small fixed replication Ny = 2, an effect size Yiarger = 0.50 and a varying number of
factors; (ix) Bottom row right panel: coverage probability with a small fixed replication No = 2, an effect size
Yiarget = 0.50 and a varying number of factors.

racial/ethnic background (zs), age (z¢), gender (z7) and profession (zg), where military ser-
vice and gender are binary factors while the rest six factors have six levels. To fit into our
framework, we drop the profession factor and dichotomize the other six-level factors into
binary ones. The outcome is a rating of the candidate profile on a one-to-seven scale, rep-
resenting the levels of absolute support or opposition to each profile separately. The final
data set contains a total of K = 7 factors (with Q =27 = 128 treatment combinations) and
N = 3456 profiles. Each treatment combination contains 27 respondents.
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TABLE 2
Working model selection results for the presidential candidate experiment based on different strategies

Selection Strategy Selected Working Model

Forward + Strong Heredity 7, 13, T4, T, T7, 123, T36> T46> T47»> T67» T467

Forward 4+ Weak Heredity 7, T3, T4, T T7, T125 1235 T135 T35, 1365 T14» T46> T47» T56> T67> T57
Forward + No Heredity 7, T3, T4, T T7, T12> 1235 T13> T35, 136> T14> T46> T47> T565 T67> T57
No Forward 73, T6, T14

We applied the forward selection procedure to analyze the data. For each level, we apply
Lasso to penalize the factor-based regression and select a working model. Here, we applied
Lasso instead of marginal ¢-tests for the convenience of tuning parameter selection based
on existing packages. For the Lasso implementation, we apply cross-validation to decide the
level of penalization. Between levels, we incorporate the heredity structure. For comparison,
we also report the selected working model from forward selection without heredity as well
as that from a full Lasso that does not proceed in a forward style. Table 2 reports the effect
selection results based on these strategies.

From Table 2, we can draw the following conclusions:

e Forward versus nonforward selection. A forward selection procedure selects more terms
into the working model, while the full Lasso procedure selects an overly sparse one. This
is because the scale of the factorial effect sizes for different levels can vary, and the for-
ward selection procedure can pick different penalization levels to adapt to the hierarchy.
Besides, forward selection can incorporate heredity structure into the selected working
model but the full Lasso cannot. Therefore, the forward selection procedure provides a
more interpretable view of the role of the factors as well as their interactions.

e Strong heredity, weak heredity versus no heredity. In this application, strong heredity pro-
duces a more parsimonious working model for the two-way interactions and also discovers
one three-way interaction (t467). Compared with the routine of assuming away three-way
or higher-order interactions in practice, this result suggests that forward selection with
heredity makes it possible to gain scientific insights beyond lower-order effects. Moreover,
weak heredity also leads to a sparse and interpretable working model for two-way interac-
tions. In this case, the result based on the forward selection with weak heredity coincides
with that of forward selection with no heredity, which can be viewed as a validation for the
plausibility of the heredity principle.

8. Discussion. We have discussed the theory for forward selection and post-selection
inference in 2X factorial designs. The method and theory are especially relevant when the
number of factors, K, is large and diverges with the sample size. With a large K, fractional
factorial designs [43] are attractive alternatives in the design stage if some higher-order in-
teractions are absent and the designer has correct prior knowledge on them [33, 43]. The
trade-off between full and fractional factorial designs is well documented: the fractional fac-
torial design is less costly, whereas the full factorial design allows for exploring higher-order
interactions. Moreover, the design-based theory for factor selection and post-selection infer-
ence for full factorial designs serves as a stepping stone for the corresponding theory for
fractional factorial designs. We leave it to future research.

There are several further directions for exploration. It is conceptually straightforward to
extend the theory to general factorial designs with multivalued factors under more compli-
cated notation, and we thus omit the technical details to simplify the theoretical discussion.
Another important direction is covariate adjustment in factorial experiments. Lin [27], Lu
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[30] and Liu, Ren and Yang [28] demonstrated the efficiency gain of covariate adjustment
with small K. Zhao and Ding [49] discussed covariate adjustment in factorial experiments
with factors and covariates selected independent of data. Moreover, it is interesting to ex-
tend the framework to observational studies [33, 46] by incorporating propensity score and
outcome model estimation and exploring the properties of the procedure, such as double ro-
bustness, etc. Besides, in the current work, we focus more on the analysis part instead of the
design part. If we understand the properties of factor screening, then it is possible to have a
better experimental design for factorial experiments.
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