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Data aggregation, also known as meta analysis, is widely used to combine knowledge on parameters shared in
common (e.g., average treatment effect) between multiple studies. In this paper, we introduce an attractive data
aggregation scheme that pools summary statistics from various existing studies. Our scheme informs the design
of new validation studies and yields unbiased estimators for the shared parameters. In our setup, each existing
study applies a LASSO regression to select a parsimonious model from a large set of covariates. It is well known
that post-hoc estimators, in the selected model, tend to be biased. We show that a novel technique called data
carving yields us a new unbiased estimator by aggregating simple summary statistics from all existing studies.
The proposed estimator has two key features: (a) we make the fullest possible use of data, from all studies, without
the risk of bias from model selection; (b) we enjoy the added benefit of individual data privacy, because raw data
from these studies need not be shared or stored for efficient estimation.
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1. Introduction

Aggregating knowledge across studies is a popular practice to pool multiple findings, increase preci-
sion of shared results, and plan future studies. In this paper, we focus on the problem of treatment effect
evaluation after adjusting for potential confounders from various independent, existing studies. Exist-
ing studies in our setup can be pilot studies, preliminary analyses, or previously reported results, all
evaluating the same treatment effect. Our paper introduces a data aggregation scheme which informs
an efficient design for follow-up validation studies, and yields us estimators for the treatment effects by
pooling summary statistics from the existing studies.

In the context of high-dimensional data, the number of potential measured confounders might be
very large. Estimation of treatment effects in the presence of many possible confounders usually calls
for a model selection procedure in any individual study. Two practical considerations gain prominence
in this setup. First, full data from the existing studies, e.g., raw data for the confounders, might be
unavailable, due to either practical limitations in data-sharing, or due to legitimate privacy and confi-
dentiality concerns (see Wolfson et al., 2010, Cai, Liu and Xia, 2022, for example). Second, if model
selection is performed on each existing study, post-hoc estimation of treatment effects in the selected
model tends to be biased. We thus ask: (i) whether and how data from two or more studies can be
aggregated without the risk of selection bias, and (ii) whether the former goal can be achieved by using
only summary statistics that are sufficient for data aggregation.

To address the questions raised above, we focus on the very widely used LASSO regression (Tibshi-
rani, 1996), which is simply called the LASSO. By placing a penalty on the absolute value of regression
coefficients, the LASSO shrinks many of them to be exactly zero and leads to a more parsimonious
model. In each existing study, when the LASSO is used to select a set of covariates as confounders, the

1350-7265 © 2025 ISI/BS


https://www.bernoullisociety.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/24-BEJ1782
mailto:psnigdha@umich.edu
mailto:jingshenwang@berkeley.edu
mailto:hex@wustl.edu

2546 S. Panigrahi, J. Wang and X. He

Existing studies Summary statistics
2, ={Dy, X, 1} Cyl
Final estimator
Validation study
1 K
Integrate Output Al N = — - carve
e e B - wxnfe=ra] —eeg g
o 3 k=1
. & .
. . .
. . .
Integrate Acatve
Dy = {Dy. X, Y} — Sg | oupuc”| Ag

Figure 1. Schematic depiction of efficient and privacy-preserving data aggregation. The exact form for the sum-
mary statistics in our scheme and our estimator « is provided in Section 2.

usual summary statistics—the first two moments of data required to conduct regression in the selected
model—are no longer sufficient for obtaining unbiased estimators through data aggregation. It, how-
ever, turns out that the summary statistics required by our aggregation scheme assume a fairly simple
and compressed form. An immediate by-product of this finding is a new guideline for what needs to
be reported in publications for an efficient and unbiased estimation of shared parameters in models
selected by the LASSO.

While data aggregation from existing studies can be performed on their own, follow-up validation
studies are either necessitated by a regulatory requirement, or pursued to report findings with higher
statistical power. Researchers in science and public health usually find it more cost-efficient to design
and carry out new validation studies by relying on a synthesis of prior research. This practice allows
researchers to focus on a smaller set of confounding factors, and reduce variability of estimators from
any single study at the same time. For example, research into cost-efficient trial designs has led to
the development of methodology for seamless phase II/III designs in clinical trials. Some of these
approaches have been reviewed by Stallard and Todd (2011). A more recent Lancet article by Park et al.
(2021) highlights not just the need for well designed clinical trials, but also emphasizes the need that
these trials are structured as per a master protocol in a coordinated and collaborative manner. Back to
our problem setup, the validation study V collects data on a subset of potential confounders that were
selected by any of the already existing studies.

We showcase how a recent technique, namely data carving, can be used to efficiently aggregate sum-
mary statistics from each existing study for an unbiased estimation of treatment effects. Data carving
allows us to re-use information from data that has not been been fully exploited by the LASSO at the
time of model selection. A schematic depiction of our aggregation scheme is provided in Figure 1.
Suppose that we have K existing studies. We apply data carving to aggregate summary statistics from
existing study k with data from the validation study V. This gives us our new estimator for treatment
effects @, “™¢, which we call the carved estimator. A simple averaging of the K carved estimators
allows us to pool information from the existing studies, and yields us our final aggregated estimator .

1.1. Related work

A simple estimator in our problem setup is the split-and-aggregate estimator. The split-and-aggregate
estimator is obtained by first (i) refitting the selected model from each existing study on the validation
dataset, followed by (ii) averaging the K split-based estimators. Because the data used for model selec-
tion is not re-used at the time of estimation, the resulting estimator does not suffer from the issue of the
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selection bias. However, this estimator suffers from a loss of efficiency as it discards all data from the
existing studies. This loss in efficiency is especially noticeable if the validation study is small relative
to the existing studies.

Inspired by recent efforts to re-use information from model selection (Fithian, Sun and Taylor, 2014,
Dwork et al., 2015, Tian, 2020), the carved estimator makes the fullest possible use of data for es-
timating treatment effects. Data carving, as introduced in Fithian, Sun and Taylor (2014), resembles
data-splitting in the selection step, because model selection is carried out on only a subset of the full
data. But, carved estimators, unlike those based on data splitting, use the full data instead of the held-
out portion alone. More precisely, carved estimators are obtained by conditioning on the observed
selection event to remove bias from the model selection step. We point out previous work such as
Panigrahi, Taylor and Weinstein (2021), Panigrahi (2023), Schultheiss, Renaux and Biihlmann (2021),
which deploys data carving to obtain interval estimators for selected regression coefficients. More gen-
erally, papers by Lee et al. (2016), Tian and Taylor (2018), Panigrahi and Taylor (2018), Gao, Bien and
Witten (2024), Panigrahi et al. (2023), Chen and Bien (2020), Panigrahi and Taylor (2023), Panigrahi,
MacDonald and Kessler (2023) have used conditioning as an effective technique to offer post-selection
inference through valid p-values, confidence intervals, confidence regions, and credible intervals in
various problems.

More sophisticated proposals by Tang, Zhou and Song (2020), Lee et al. (2017), and Maity, Sun
and Banerjee (2019) aggregate debiased LASSO estimators from distributed datasets. In the same
spirit, Lin and Zeng (2010) and Cai, Liu and Xia (2022) provide a more efficient, inversely variance-
weighted debiased LASSO estimator to accommodate cross-study heterogeneity in similar settings.
The proposed debiased procedures in these papers offer a valid way out to mitigate model selection
bias in high-dimensional settings. But, the debiasing correction involves estimating and inverting a
high-dimensional information matrix. Moreover, the reduction in bias comes at a price in statistical ef-
ficiency. Especially, this price is large when the treatment assignment is correlated with noise variables
in the model. For example, Wang, He and Xu (2020) have previously illustrated this phenomenon on
large observational studies. Not only does our new estimator avoid estimation (and storage) of high-
dimensional matrices for removing bias, but also delivers higher statistical efficiency than existing
estimators in the situation described above.

1.2. Organization of paper

The paper is organized as follows. Section 2 formally states our problem setup and introduces the
main ideas behind our new estimator through a first example. In Section 3, we outline the steps to
obtain our carved estimator through an aggregation of summary statistics, and develop the asymptotic
theory for the new estimator. Numerical experiments that support our asymptotic results are presented
in Section 4. In Section 5, we highlight the efficacy of our data aggregation and estimation scheme on
synthetic data generated from a clinical trial. Section 6 concludes our work with some summarizing
remarks. Proofs of our technical results are collected in the Supplementary Material (Panigrahi, Wang
and He, 2025).

2. Methodology

2.1. Problem setup

Basic setup. We consider K independent, existing studies in our setup. Each study measures ny inde-
pendently and identically distributed triples: (i) Y € R™*1 is the observed outcome, (ii) Xy € R *Pk
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represents the high-dimensional covariates where py is allowed to be larger than ny, and (iii) Dy €
R™*S s the R*-valued treatment variable. We denote the data from these studies by

Di={Dy, Xx,Yx},

for k € {1,2,--- ,K}. For any k, we use E} to represent an index set of covariates with cardinality
less than pg. For any vector or matrix A and an index set E, let Ag be the sub-vector or sub-matrix
containing the columns of A indexed by the set E. We use the symbol 1; and 0 to represent a R¥-
valued vector of all ones and all zeroes, respectively, and use ||v|| to represent the £, norm of a vector
unless specified otherwise.

We begin with a simple model to describe the data in our studies. Suppose that & € R"**! are
random errors that satisfy

E(ex|Dk, Xk) =0n,, Cov(ex|Di, Xx) = 0'21, k=1,2,...,K,

where I is the identity matrix. We assume that the observations in our studies are drawn from the
population model

Yy =Dra+ Xy g, BE, + €k> (D

where @ € R® measures the treatment effect, E¢ indicates the covariates with nonzero effects, and Sg,
measures the impact of these covariates.

We note that in our manuscript, the term “treatment effect” denotes the coefficients of shared vari-
ables across multiple studies. We note that this does not necessarily refer to causal effects, which
typically require additional identification conditions, such as assumptions of unconfoundedness. This
terminology aligns with the existing high-dimensional inference literature, as in Cattaneo, Jansson and
Newey (2018), Belloni, Chernozhukov and Kato (2019), Wang, He and Xu (2020), where regression co-
efficients are often labeled as treatment effects. Additionally, when the unconfoundedness assumption
is met, our model can be adopted for estimating causal effects, an approach often termed regression
adjustment in causal inference literature; see Imbens and Rubin (2015). Additional adjustments incor-
porating propensity scores can also be appealing to consider to avoid the model selection bias; see
Belloni, Chernozhukov and Hansen (2014), Farrell (2015). One compelling aspect of high-dimensional
confounder adjustment in causal inference is its ability to include a large number of potential con-
founders, which potentially mitigates the concern raised by unmeasured confounders. Later in this
section, we show that our introduced scheme generalizes to a variety of linear models, such as models
with cross-study heterogeneity.

We can think of the first column of X} as a vector of all 1’s to represent the intercept in the population
model (1). In practice, we center all the data vectors, and simply assume that Y; sums to zero, and so
does every column of D and Xj without a loss of generality. Each existing study collects data for
an extensive collection of covariates, and the treatment assignment is randomized conditional on these
covariates. We further assume that the set of observed covariates, Xk, in each study include the ones
indexed by E, that is, the covariates with nonzero effects in the population model are measured in each
study. This is a rather strong assumption, requiring that the set of unobserved confounders is balanced
in all the studies. Unobserved confounders in more general settings certainly deserve further attention.

Because our existing studies begin with a large number of covariates, we focus on the case where
each study has used the LASSO to select a subset of potential confounders. Denote by Ej the active set
of covariates selected by the LASSO in existing study &, and let gx = |E|. We assume that Ey C Ey,
which holds with probability tending to one as n; — oo under appropriate conditions. Define

E=UK E;
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with cardinality equal to g.

Besides the existing studies, we also consider a validation study V = {D, X, Y}, which is independent
of Dy for all k =1,...,K. The data in the validation study V contains n measurements for the same
outcome Y € R™! and treatment variables D € R™* as our existing studies. Furthermore, V contains
matched measurements for the potential confounders in the subset E, that are now represented by
X = Xg € R"*4, Clearly, the findings in our K already existing studies provide a guideline for what
covariates need to be included as possible confounders in the follow-up study. We assume that the
validation data is drawn from the same population model as (1), i.e.,

Y=Da +XE0BE0 +é,

where ¢ is centered at 0,, and has covariance 021 given the treatment variable and covariates.
Fixing some more notation for the remaining paper, let Ny = n + ng, and let ry = ]'\1,—’]‘( in the rest of
the paper. In each existing study, we use the LASSO to estimate

~ (L)
L _ [, _ . { 1 2
Yo =|Fw|= argmin §———][|¥k — Dra - XiBI|I" +[|ArBll1 {5 2
k ( k( )) a€RS,BeRPL 2”k\/Nk
Zx‘k(L) € RS, EIEL) € R9 for k =1,2,---,K, where Ay € RP¥*Pk is a diagonal matrix with the tuning
parameters in the LASSO penalty in the diagonal entries. Denote by
~ Qg
k=7 3)
7 (ﬁk)

the least squares estimator, based on [X} 5 ng]l eRNkXak and (Y, Y’)" e RN*D after pooling
observations from the validation study and existing study k.

Some extensions. The model in (1) assumes that S, the effect of the true confounders, is the same
across all the studies. Now we consider a more general setup with cross-study heterogeneity, and show
that we can still work with our basic model with the same form as (1). To see this, suppose that data in
our existing studies are drawn from the model

Yy =Dra+ Xk Ey PE i + ks )
and data in our validation study are generated from the model

Yo = Doa + Xo,E, o SEy o + €05 (5)
where E(ex|Dy, Xi) = 0p,, Var(ex|Dg, Xi) = oI, fork=0,...,K. Let 0.k be a dummy variable that
assumes the value 1 if observation i is in study k, and is O otherwise. Note that Zf:o 0,k =1 for any

observation i. Thus, for a variable v; € R?, let

Vi if observation i € study &,
6i kvi = .
0; otherwise.

Given the above generating models, we can describe observation i in our data, for the validation
study as well as the K existing studies, through the unified model

’ !
yi=D;a+ Zi,EOVEo +¢&i,
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where
’
veo= By Br 0 Pry) » and

Zigy = [(6i.0Xi B0 (6inXiEy,) + (GixXigg)] -

Because we can write the unified model in the same form as the model in (1), we stick to our basic
model for ease of presentation and revisit the extensions after introducing our proposal.

2.2. Debiasing through data carving: A first example

We provide a first example to illustrate how we utilize data carving to construct an unbiased estimator
of treatment effects. Suppose that we have an existing study, i.e., K = 1. We let D7 contain a real valued
covariate X| € R and a treatment variable Dy, i.e., p; =1 and s = 1. Both X; and D in this example
are standardized to have mean zero and variance one with correlation p. Consider observing 7 and n
observations in Dy and V respectively, from the population model (1) with 8¢, =0, i.e. Eg = &, and
with noise variance 0% = 1. For simplicity, we let n = n;, which means that N| =2n;, and r| = % in this
example.

Suppose that we select the full model E; = {1} after solving the LASSO on D;. Then, we fit a
Gaussian model with the selected covariate X, i.e., we model the real-valued outcome variable as
independent realizations from the conditional distribution

y ld,xq ~N(ad+pxq,1). (6)

Note that this Gaussian model, which we fit to the pooled data D U V, may only serve as a working
model and may not exactly match with the population model in (1).
Define

yi=(a B).

Consistent with our notations, let ) be the least squares estimator for y; using the pooled observations
in D and V. Note that the likelihood in the selected model (6) is

_ Ni -
On, (Y1571) < exp —7(71 -y’ 211 =y |

if we ignored the impact of model selection bias.
To construct our carved estimator, we introduce a new variable which we call the randomization
variable. Denoted as

’ 2
w1 = (w11 wip) €RY,
the randomization variable that takes the value

0 1 1
|Y) — Dy - BX1|* +

- — lY —aD - BX|)?
0y1 \ 24N, 24Ny A

>

~(L
0

Yy —aDy - BX1|1?

1
2}”1\/1\/1



Treatment effect estimation with efficient data aggregation 2551

where 7| = % Observe that there is a simple equivalence between the Karush—-Kuhn-Tucker (K.K.T.)
mapping for (2) and

lY —aD - BX|1> +

1 1
2VNy 2VN;

which is a randomized version of the LASSO on the pooled data ; U V. Under the selected model in
(6) and ignoring the impact of model selection, we have as N; — oo:

minimize Y1 —aDy - BX1|* —wija—wi2B8+A18l, (1)
a,

. ¥/N1(¥1 = 1) and w jointly follow an Gaussian distribution such that w; is centered at 0 with
the covariance E[X] R
2. w is independent of VN| (¥ —y1) ~ N2(02, (E[Z(]) D).

Suppose for now, the limiting distributional properties listed under 1 and 2 hold exactly with

E[Z] = [; f]

Our carved estimator can be constructed in two main steps. We eliminate bias from model selection by
conditioning on the selection event

{El =E1,sign(E§L))=sEl}. ®)

In Step 1, we recognize that

o g
almmal =a; (1 _p2) _— . (wl,l —pw1,2)

VN|
is an unbiased, initial estimator that is independent of the selection through LASSO. This leads us to
observe that 51‘““‘al is also unbiased for @ conditional on the event in (8).

In Step 2, we improve upon the initial estimator through Rao-Blackwellization by conditioning fur-
ther upon the complete sufficient statistic for y;. In our case, this statistic is ¥, because of the basic
fact that conditioning preserves the complete sufficient statistic, and that the sufficient statistic in the
usual likelihood is the least squares estimator. Please see Fithian, Sun and Taylor (2014) for a formal
proof of this fact. Thus, our carved estimator is given by

alcarve — E[allnmal

71, E1 =E1,Sign(,E§L))=SE1], )

where we have conditioned upon %; alongside the event of selection in (8). Proposition 1.1 in the
Supplementary Material provides details of both steps and a final expression for the carved estimator.
Because

-~ carve
E [al

E] :El,sign(ﬁi”) =SE1] =a,

we also have E [Zilca”e] =a.
A few remarks are in order. First, the estimator in (9) can be written as

~ ~ - 1 ~ 5 . L
@ =a - (1-p?) 1—~E[w1,1—pw1,2|y1,E1:E1,s1gn(ﬁl N=sg |,

VN1
carve

In particular, we note that Zil applies an additive debiasing correction to the simple least squares
estimator @. The final expression for the carved estimator, as stated in Proposition 1.1, is obtained
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Figure 2. Box-plots of the parameter estimates in the simulation experiment for Section 2.

by evaluating the conditional expectation in the debiasing correction. Second, to construct the carved
estimator, we used: (i) the least squares estimator in the selected model, (ii) the tuning parameter A,
and (iii) the sign of the LASSO estimator for the selected covariate sg,, which depend on only some
simple summary statistics from the existing study.

Next we extend our main ideas from this simple example to the more general setup. Before pro-
ceeding, we provide some numerical evidence for the effectiveness of our new estimator. We depict in
Figure 2 the result of a simulation for n = 100, n; = 50, and 1,000 Monte Carlo samples. We compare
our carved estimator against the two popular alternatives that were discussed earlier in the introduc-
tion, (1) the estimator based on data splitting, which simply uses the validation data V for estimation,
and (2) the debiased LASSO estimator based on a one-step bias correction to the LASSO estimator.
We elaborate on the generative scheme for the simulation as well as the implementation details for the
other two alternatives in Section 4. Note that all the three estimators are centered around the true value
a1 = 1. Especially, our new estimator removes the effect of selection bias, and has smallest variability
among the three estimators.

3. Carved estimator

3.1. Privacy-preserving aggregation

We turn to our general setup, and outline our scheme to aggregate summary statistics from existing
studies with data carving.
We begin by specifying the summary statistics involved in the construct of our estimator:

1. Summary from model selection in existing studies: the support set of the LASSO estimator Ey, the
penalty weights Ag, , and the signs of the (nonzero) LASSO estimator for the selected covariates

. (L
SE;, = mgn(ﬁé >).
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2. Summary based on the first two moments from data in existing studies: the sample covariance
matrices from the existing study &, based on the selected model E and the observed sample of
size ny, which are equal to

E = [é?k,m ] 1| DYk
be - - - !’ 9
Ekon ] ni [ Xeg Ve
= [Ek,ll Ek,lz] 1 | DiDrx D) XkE,
L= = = ’ ’ .
2,21 k22| Nk Xk,Eka Xk,Ekaka

Note that é\ x has two blocks, one s-dimensional and the other g;-dimensional. In a similar fashion,
Ey is partitioned along the same dimensional structure.

First, we compute the least squares estimator

. (10)

nkék,02+ X Y

5/\]( _ (&k) _ nkEk,n +D'D nkEk,lz + D’XEk
—\n |- = ’ = ’
Bk niEx,12+ Xp D niEro+ Xp, Xg,

-1,
( niér,o1+D'Y

For a fixed vector u € R¥ and for v € R¥, let log(1+ ul—v) be a RF-valued vector whose j-th component
equals

1
10g(1+ )
ujvj

Denote by

1 = ’
ZkzN—k(nkzk+(D Xg) (D Xg)), a1

’
the sample covariance matrix based on the selected covariates. We solve z; = (Z;( L % 2) from the

following convex optimization problem:

. - 1 —~ - ’ ’ 'S
arginf {(1 —rr) lrkz ( Nizk — VNryk +Zk1 (0 (AEksEk) )) 2k
zkER‘H'qk

12)

( Nizk — VNiyi + E;l (04 (AEksEk)')) + By, ( Nka,z) },

where

1
SE. VNizZr 2

Our carved estimator pools data from the existing study £ with the validation study, and is given by

By, ( Nkzk,z) =1} log (l +

—~ —~ 1 ~
Q" =ar+ (1-re)” rk (a’k -

1 rs-1 (v Y /A)
e 2, (0 AE, S -7k 13
\/N_k 1<k ( ( Ej Ek)) 1<k (13)
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Finally, we propose the aggregated estimator by taking a simple average of the K carved estimators
as

e

akcarve . (14)
k=1

We conclude the section with some observations about our estimator.
Remark 3.1. If the sample size for each existing study, n, varies with k, we can replace the simple
average in (14) by a weighted average, where the weights are proportional to Ng.
Remark 3.2. Let
0= max |Eg|
ke{l

denote the maximum size (cardinality) for the selected covariate sets across our existing studies. Then,
we note that the amount of information required for constructing the estimator in (14) is only O(Q?).

Remark 3.3. We revisit the population models in (4) and (5) where we considered cross-study hetero-
geneity. We observe that our estimator easily adapts to the following two scenarios. First, say Eg o C

f 1Eok- In this case, we can proceed as prescribed above. Second, suppose that Eg o C UkK 1 Eo.k- In
this case, we assume that the union of the selected variables E = UK 1 E 1s collected in all the existing
studies. We can now form our carved estimator by fitting the un10n model E to the pooled data from
existing study k and the validation study.

3.2. Our debiasing approach

In this section, we show how the debiasing approach in the first example can be generalized to our
problem. In line with the first example, our carved estimator @, " is obtained by conditioning on the
selection event

{E=Ex. sign(B") =55, . (15)

which we observe after solving (2) on data Di. As before, we work with the selected model which
assumes that data for the outcome variable are drawn as independent realizations from the conditional
distribution

y | d,xE, ~N(d'a+x}3kﬁEk,a'2).

We proceed by fitting the selected model to Dy U V. Since we work under a fixed o2 setting, we will
assume o2 = 1 for the sake of simplicity.
To develop the theory, we let

’
= ((wr,1)" (Wr2)') s wi,1 ER®,wy o € RPK

0 1 2,
=— —Dra - X B~ +
Oy \ 2V/Ny 2\/ (16)
L i - Dea — Xl
— — Ik k@ — Ak s
2r VN A’iL)
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be our randomization variable, which is based on the LASSO solution ?](CL). Let E; denote indices of
covariates that are not selected by the LASSO in existing study k. In addition, we will also consider the
statistic

~ 1 ~ -~ ~ I~

= o {Xh g e = Dk = Xi e, B + Xie (Y = D= X B |
Note, we need not observe the covariates that were not selected by the LASSO in the validation study.
The statistics defined above only serve to provide a theoretical justification for our debiasing term.

Lemma 3.4 notes that the variables ¥, I'x and wy admit an asymptotic linear representation in the

selected model, if we ignored the impact of model selection and treated Ej as a fixed set. Formally,
this implies that these variables are distributed as Gaussian variables in the limit as the sample size
Ny — oo,

Lemma 3.4. Let y; = (a/’ ﬁ}sk ) for a fixed subset Ey. Then, the following assertion holds:

o~ 4 -
(\/Nk(’?k—’yk)l \/Nkl—‘,’C w;() =+vNiTn, + Ry,

where (i) TNk is the average of N i.i.d. variables with mean equal to 02p, 12, , (i) Ry, = 0p(1), (iii)
Yo fk and wy are asymptotically independent, and (iv) wy, is asymptotically centered at O with the
covariance (1 - rk)rglE[(ﬁk], where Gy =Ny~ {(D X) (D X)+(Dr Xk) (Dx Xi)}-

Suppose that we condition this limiting Gaussian distribution on the selection event in (15). This
gives us an asymptotic conditional distribution. Say that we denote this distribution by ZNk. Next,
Proposition 3.5 derives a debiasing correction from this asymptotic conditional distribution as was
done in the first example. Before stating this result, we let

M, (@0, Zo)

denote the first moment of a Gaussian variable with mean @ and covariance X that is truncated to the
region Hy. Further, let A(779) be the log-partition function for the related truncated Gaussian density at
the natural parameter

1Mo = Zal .
Finally, for ik defined in (11), let ;. = E[ik] be the population covariance.
Proposition 3.5. Define the half-space
H={z=(z1.22), 21 €R’, 22 e R% :5ign(z2) = s, } .

Then, the estimator

—~ _ ~ 1 e
A+ (=) i @ - —=- e[ 2 G -

VNi

is unbiased for a with respect to sz-

T S _
F'é’lﬂw( Nk?’k—zklé'k,rkl(l—rk)zkl))
k

The estimator in Theorem 3.5, however, does not admit direct computations due to lack of read-
ily available expressions for the moments of a truncated Gaussian variable. To this end, we use the
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plug-in estimator ¥, and the inverse of 3 for estimating X and its inverse, respectively, and ap-
ply a Laplace-type approximation to facilitate a manageable calculation for this estimator. Deferring
a rigorous justification of asymptotic unbiasedness to the next discussion, we complete the steps to
numerically approximate our estimator through an easy-to-solve optimization. For

0= (1 =) 'rZe Nk = E¢ ' o),

a Laplace approximation grants us the following
1 SR s o
A(no) = (1 =rg) lrki( Nive = 20 ) 2 (WINEve = 21 )

. _ 1 = S ~ o
- inf (I=rx) ]"ki( Nizk = VNevk + 27 ) S (WNkzie = VNeve + 27 k)

sign(z2)=SE;

= sup (1=r) " re(WNez) S (VN - ¢ 20)

sign(zx,2)=SE;

1 =
- (l=rg) 1rk§(\/Nka)’Zk Nizk.

We replace the constrained optimization with the unconstrained version through a logarithmic barrier
penalty to obtain

A(o) = sup (1 —r) " re(VNkz) Zi VNV = 25 k)
Zk

-(1- rk)_lrk%(\/N_ka)lik Nizk = Bg, (VNiz ).
Applying the above approximation to our debiasing correction in Proposition 3.5 allows us to write
M ( Nivie =7 e (1= rk)ilzl) = VA - r) "'k (WNevk - 2 2)
~ VN,

where 7 is the solution in (12). This gives us the expression of our carved estimator in (13).

3.3. Asymptotic properties

Our main result in the section, Theorem 3.10, establishes the asymptotic unbiasedness of our carved
estimator.

Suppose that we have N i.i.d. realizations of the response y € R, the covariates for all existing studies
x € RP1**Pk and the treatment d € R®, such that y is drawn from the model in (1) with

’ Y ’ N)yv Y
(o Bz) =(@™y @Ry
Each of our existing studies, in particular, observes N samples for the outcome and treatment along

with a subset of covariates that are seen across all the studies. For the remaining section, we consider
the following parameters

VN (@™ By =an (@) (Bor,)) a7
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in our generation scheme, such that ag and Sy, g, are constants and ay = o(V/N). We state the regularity
and moment conditions on the data-generating mechanism below.

To start with, we impose asymptotic screening as a requirement on the model selection in the existing
studies. This requirement is necessary to ensure that the bias from missing a true covariate is only neg-
ligible with a growing sample size. The LASSO is an important example that satisfies the asymptotic
screening requirement under conditions discussed at length by Meinshausen and Biithlmann (2006),
Bickel, Ritov and Tsybakov (2009). Similar conditions are required by estimators which are aggregated
over selected models, see for example the work by Schultheiss, Renaux and Bithlmann (2021), Fei and
Li (2021).

Condition 3.6. Assume that lim P(EyC Ex) — 1, fork=1,2,...,K.
njp—oo

The second and third conditions below allow us to control the bias from the use of a Laplace-type
approximation for our debiasing correction.

Note that the first part of Condition 3.7 assumes the existence of an exponential moment in a neigh-
borhood of zero. This is required to justify a Laplace-type approximation for probabilities involving the
mean of N i.i.d. variables, which in our case is TNk by setting N = N (please refer to Lemma 3.4). The
second part of this condition is required to extend this approximation to asymptotically linear variables
with an added o, (1) error term, which we see in the left-hand side of the representation in Lemma 3.4.

Next, we discuss the necessity of Condition 3.8. The probability of selection can be written approx-
imately as the probability of a polyhedron:

P [Ek = Ex, sign(,gl(f)) = sEk] =P [A (\/Nkif‘]; NkI:,’{ w;c) +op(1) < b] ,

where A and b are fixed matrices. We refer interested readers to Proposition 4.2 of Panigrahi, Taylor
and Weinstein (2021) for this approximate characterization of the selection event. The condition in 3.8
allows us to replace the log-probability of selection with the log-probability of the polyhedron that is
determined by matrices A and b. In other words, this condition allows us to ignore the 0, (1) remainder
in the characterization for our selection event.

Condition 3.7. Fix

’
V=(y-a'd-Bgxg) (@ X),
Jor a fixed subcollection of our covariates containing Ey. We assume that

E[exp (7][VID] <0

for some 1 € R*. For the observed set of covariates Ey in the existing study k, consider the linearizable
representation in Lemma 3.4. We assume that when apy, — oo, the remainder term Ry, satisfies:

1
lim —— -logP [a]_vl IRn, Il > e] =—00 for every € > 0.
Ni—eo a?\, k

Condition 3.8. We assume that when ay, — oo, the probability of selection satisfies

lima%Nk {logP [Ek =Ex, sign(/?}f‘)) = SEk] —logP [A (\/N_k% ‘/N_kf;c “’;c), < b” =0
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A few comments are in order now. We note that both conditions for our theory require a particu-
lar parameterization with (17). However, it is worth pointing out that we can construct our estimator
without having to access the sequence ay for N = Ng. In practical terms, this means that we do not
need to know the underlying parameterization of the data generating process for estimation. We also
remark that the construct of our estimator can be applied to a wider range of penalties that exhibit a
similar approximate polyhedral geometry with model selection, using the relevant matrices A and b.
Our concluding remarks include a discussion on this topic.

Our final condition bounds the deviation of the sample estimate flk from the population parameter
E[Zg].

Condition 3.9. For the selected set Ey, we assume that E[HEk = Zillopl = O(1), where ||M||,p denotes
the operator norm of the matrix M.

For the remaining section, consider the parameters in (17) by fixing N = Nk.

Theorem 3.10. Let @,“"" be defined according to (13). Under the conditions in 3.6, 3.7, 3.8 and 3.9,
we have

B [INNe@ ™ - )ll?] < a3, C.

where C is a constant.

The asymptotic variance of our estimator VNya@,“*¢, based on the observed Fisher information
matrix, is

Vcarve ((l—rk) E ]_(1_rk) rk((l—rk) rka+V BsE (‘/N_kzk)) )el-

The expression for the estimated variance is detailed out in Proposition A.l, under Section 1.
Lemma 3.11 then quantifies the relative gain in variance of our estimator over splitting for each study

k. Here, VSPIH denotes the estimated variance of the least squares estimate when refitted on the vali-

dation data alone Let V F e and V
matrices, respectively.

Sp it be the j-th diagonal entry of the corresponding s-dimensional

Lemma 3.11. Let ry be the ratlo and let Byyqy be the maximum value of the (R*)S 9k -yalued vector

(sE, VNkZK) ™ = (1 + s NNkZ) 72,

and let Ay, be the smallest eigen value ofik. Then, the following holds for j € {1,...,K}:

-1

.\ —1
% spl o spli .
(V) i = Vgaey = (=m0 ™' (=10 ™" 7+ Buandi,

Clearly, our carved estimator @, dominates the split estimators in variance. The variance of the
averaged carved estimator, however, involves correlations between the refitted estimators from the se-
lected models on any pair of existing studies in addition to the variances from each study. Heuristically,
the correlation between a pair of split estimators, using the validation data alone, is expected to be
larger than the carved counterpart. This is because the carved estimator also uses information from the
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independent samples in this pair of existing studies. Consider, for instance, the situation when each
study reports the same model

Ey=Ey=---=E.

Let the bound on the right-hand side of Lemma 3.11 be equal to By. Comparing the averaged carved
estimator in (14) with the split estimator, the difference in the two variances is seen to be bounded
below by

1 (& B 1 [ —
. jcarve | o -1 i/ carve [{/ carve |
o o E
K2\ 1-Bi ™ kg;q V(1 =By, )(1 - Bg,) ) “ "2
Note, this bound is strictly greater than 0 since By <ry <1forkel,...,K.

Our simulation studies in the next section empirically support the gain in efficiency that we claim
for our carved estimator.

Remark 3.12. In this section, we introduced a new way to remove bias from the refitted least squares
estimator in a selected model and aggregate summary statistics from existing studies for unbiased
estimation of treatment effects. More generally, our new estimator extends to the class of generalized
linear models (GLMs). In Supplementary Material 2, we develop an extension of our proposal to the
widely used logistic regression model, which is a concrete instance in the class of GLMs.

4. Simulation studies

We conduct simulation studies to evaluate the finite-sample performance of our new estimator. The
outcome variables, in the existing and validation studies, are generated through simple linear models
as follows

Yi = @Dy + Xi g BE, + ks €k ~N(0,021,,), fork=1,2,... K,
Y =aD + Xg,BE, +& &~N(0,021,). (18)

We set the coefficients & = 1 and g, = (1.5,1,1,1,1)’, i.e., for each study k, Xj g, is the first 4
columns of Xj. The dimension of the covariates varies with k as px =400 + 20k and p = 500. Our
sample sizes for the existing studies are n| = ... =ng = 100, where K € {2,3,5, 10}; the validation
study has n = 50 samples. Our data is generated under two signal-to-noise-ratio values by using two
values of o, € {2,4}.

We summarize the performance of our carved estimator in three different settings.

1. Setting I. In the first setting, there is a moderate degree of correlation between the treatment
assignment and the covariates. We generate (Dy,Xy) and (D, X) from a multivariate normal

distribution N (0, %) where = = (X jl)f’;:} and X, = 0.5,
2. Setting II. The second setting generates highly correlated treatment and covariates by first gen-

erating
D =X} ymy+v, v~ N(O,07L,), D =X; 0y ¥y + Vi vi ~ N0, 00 Ln,),  (19)

followed by drawing the response according to (18). In the model (19) for generating the treatment
variable, we fix My ={5,6}, ya, = (1,1)’, and fix the noise variance 0'5 =0.1.
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3. Setting III. In the final setting, we vary the coefficients of our covariates for generating the data
in the existing and validation studies. We simulate the shift in covariates across the existing and
validation data as follows. We draw our data according to the generating scheme described for
Setting II, except now we set the value of covariate coefficients Sg, = (1.5,1,1,1,0)" in model
(18) to draw the response in our validation study. That is, the coefficient of one of the confounders
has changed between the existing studies and the validation study in the follow-up stage.

We compare the performance of our carved estimator with the split-and-aggregate estimate and
the aggregated debiased LASSO estimator. As remarked early on, an off-the-shelf option available
for estimation is a simple split-and-aggregate estimator. This estimator is obtained by refitting the
selected model E} on the validation data “V and then averaging the resulting K split estimators. Another
legitimate estimator is the aggregated debiased LASSO estimator that can be viewed as the proposal
in Cai, Liu and Xia (2022) when customized to our problem setup. To be specific, the aggregated
estimator is formed by averaging the K + 1 debiased LASSO estimators from the existing studies Dy
and the validation dataset V. Given that the debiased LASSO and the post-double selection estimates
are asymptotically equivalent (see Wang, He and Xu (2020) for example), we implement the debiased
LASSO estimator via the R package hdm for its computational speed. We found that in a small number
of cases, the package hdm produced numerically unstable results, and therefore, we report only the
median bias and the median squared errors, instead of the averages that would be heavily against the
debiased LASSO estimator due to a few unstable cases. We report both the mean and median bias
and squared errors for our carved estimator and the split-and-aggregate estimator. The comparison of
our estimator with debiased LASSO should be made with respect to the corresponding medians, even
though we provided mean for the carved and the split estimators for a relative comparison between
these two estimators.

The cells in Tables 1, 2, and 3 summarize our findings in the three different settings. In all the ta-
bles, our proposed estimator is indicated as “Carved”, while the split-and-aggregate estimator is called
“Split” and the aggregated debiased LASSO estimator is called “Debiased”. Based on Table 1, we ob-
serve that when the noise level is low and the treatment variable is not highly correlated with the covari-
ates, the selected model includes all the confounding variables with a high probability, and therefore,
both the carved estimator and the split-and-aggregate estimator have little bias in estimating o. When
the noise level is higher, the two estimators tend to have slightly more bias than the debiased LASSO
estimator. But, the bias of the estimators is still dominated by their variance in the mean squared er-
rors. On the other hand, the carved estimator has smaller mean-squared error than the split estimator in
all the considered cases, which is expected since the carved estimator integrates information from the
existing studies with higher efficiency. We note that the aggregated debiased LASSO estimator loses

Bias MSE
e K Carved Split Debiased Carved Split Debiased
4 3 0.107 0.095  0.119 0.103 —0.051 0.109 0.042 0.248 0.103 0.044
4 5 0.117 0.122  0.123  0.109 -0.028  0.065 0.032 0.157 0.077 0.024
4 10 0.127 0.125 0.124  0.124 -0.046  0.043 0.021 0.083 0.043 0.014
2 3 -0.003 0.005 0.010 -0.001 -0.076  0.017 0.006 0.042 0.017 0.013
2 5 0.002  -0.002 0.012  0.009 —0.061 0.010 0.004 0.024 0.009 0.008
2 10 0.004 0.003  0.010 0.011 —-0.051 0.004 0.002 0.012 0.006 0.005

Table 1. Simulation results under Setting I. The two columns under the Carved and Split estimators report the
mean and median bias and squared errors respectively. The cells in the single column under Debiased report the
median bias and squared errors, due to reasons indicated in the description.
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Bias MSE
ce K Carved Split Debiased Carved Split Debiased
4 3 0.066 0.065 0.088 0.089 —-0.081 0.024 0.011 0.056 0.026 0.059
4 5 0.066 0.072 0.069 0.063 —-0.083 0.016  0.007 0.033 0.013 0.045
4 10 0.070 0.072 0.079 0.079 -0.079 0.011 0.006 0.022 0.009 0.016
2 3 0.016 0.012 0.026 0.023 -0.089  0.005 0.002 0.012 0.005 0.020
2 5 0.016 0.018 0.019 0.017 -0.075 0.005 0.001 0.007 0.003 0.013
2 10 0.016 0.015 0.020 0.021 —-0.061 0.002 0.001 0.004 0.002 0.006

Table 2. Simulation results under Setting II. The two columns under the Carved and Split estimators report the
mean and median bias and squared errors respectively. The cells in the single column under Debiased report the
median bias and squared errors.

much efficiency relative to the aggregated carved estimator when the treatment variable is highly cor-
related with some of the covariates, which is shown in Tables 2 and 3. The empirical comparisons here
are in line with what we expect from our theoretical investigation.

5. Synthetic study on clinical trial data

We demonstrate the efficacy of our aggregation and estimation scheme on synthetic data generated
from the Afya II clinical trial. Note that our paper proposes a new design to collect data for con-
ducting validation studies and pooling data from already existing studies to estimate treatment effects.
Therefore, collecting data that aligns with our recommendation for new study designs and verifying
the effectiveness of our proposal is beyond the scope of this paper. Instead, we evaluate the efficiency
gains of our estimator through a “realistic” simulation study that very closely resembles the Afya II
clinical trial data. In our synthetic case study, we assume the following scenario. Two previous clinical
trial studies have already been conducted to assess the effectiveness of an intervention, and we seek to
design a new trial to confirm the results of the earlier clinical trials.

The main goal of the Ayfa II clinical trial was to test the effectiveness of a cash incentive on enhanc-
ing HIV patient adherence to antiretroviral (ARV) therapy and on achieving HIV viral suppression. The
actual trial enrolled a total of 534 HIV-positive patients, who were randomly assigned to one of three
arms: a control arm, a treatment arm with a cash incentive amount of approximately 5 US dollars, and a
treatment arm with a cash incentive amount of approximately 11 US dollars. The primary outcome was
determined by measuring the HIV viral load in patient plasma specimens 12 months after the treatment

Bias MSE

e K Carved Split Debiased Carved Split Debiased
4 3 0102 0.103 -0.179 -0.164 -0.096  0.053 0.020 0.084 0.036 0.067
4 5 0.110 0.112 -0.170 -0.167 -0.091 0.042 0.015 0.067 0.033 0.042
4 10 0.092 0.100 -0.163 -0.162 -0.092 0.023 0.011 0.042 0.027 0.026
2 3 0.028 0.024 -0.156 -0.151 -0.079  0.008 0.003 0.042 0.024 0.018
2 5 0.024 0.034 -0.156 -0.159 -0.075 0.016 0.002 0.034 0.025 0.013

2 10 0.029 0.029 -0.152 -0.151 -0.067  0.003 0.001 0.038 0.023 0.008

Table 3. Simulation results under Setting III. The two columns under the Carved and Split estimators report the
mean and median bias and squared errors respectively. The cells in the single column under Debiased report the
median bias and squared errors.
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Bias MSE
Carved  Split  Debiased Carved Split Debiased
0.001 —-0.011 —-0.062 0.058  0.154 0.068
Table 4. Results on 500 synthetic datasets modeled along the Afya II clinical trial.

assignment. During this study, the trial collected patient status information, including age, sex, marital
status (single, married/cohabitating, divorced/separated, widowed, or unknown), weight (measured in
kilograms), WHO clinical stage (ranging from 1 to 4), pregnancy status, nutrition status (normal, obe-
sity, or malnourished), family planning ID (with a total of 5 possible statuses), ARV status (start ARV,
continue, change, or stop), TB screening, TB status, and initial CD4 count. Sociodemographic survey
data was collected at the end of the study. Overall, the trial data measured 92 covariates for the 534
enrolled patients.

In our case study, we focus on the treatment arm where patients received a cash incentive of 11 US
dollars. This reduces the sample size to 360 patients. First, we use the LASSO to regress the outcome
(viral load) against the treatment indicator variable and the collected covariates on the trial data. The
LASSO selects a total of 12 covariates. We record the estimated sparse coefficients as ,ELas so. Using
covariate measurements from the actual trial, we generate the viral load outcome from a linear model

Y =10 D + XBrasso + &,
where & € R?% is a multivariate Gaussian random variable with mean zero and identity covariance
matrix. Finally, we randomly divide the synthetic dataset into three folds, treating two of them as data
collected from existing studies and the remaining one as data from our validation study. We repeat this
entire process 500 times by generating data from the above linear model. This gives us 500 synthetic
datasets that are closely modeled along the actual Afya II clinical trial. During estimation, we use only
the selected covariates from any of the two existing studies as part of our validation data.

In line with the preceding section, Table 4 reports the comparison between our estimator, and the
split-and-aggregate estimator and the aggregated debiased LASSO estimator. As done before, we com-
pare their bias and mean squared errors. We see that the carved estimator, based on aggregating only
summary statistics from the two existing studies, achieves the lowest bias and smallest mean squared
error. More specifically, the improvement in mean squared error over the debiased LASSO estimator is
roughly around 15%, and is a significant 60% over the split-and-aggregate estimator. This case study on
clinical trial data re-emphasizes that our aggregation scheme can be used to design validation studies
from a synthesis of existing studies, and that we can estimate the common treatment effects without
sacrificing statistical efficiency.

6. Concluding remarks

In this paper, we develop a new scheme for estimating common treatment effects from a synthesis of
prior studies. Our scheme applies ideas from data carving to: (i) use already existing data for an un-
biased estimation of treatment effects in selected models, and (ii) aggregate summary statistics from
existing studies when the LASSO is used in each individual study to select potential confounding vari-
ables. As a result, we have laid out a data aggregation and validation analysis protocol that gives us
efficient unbiased estimators while preserving the privacy of individual records. The summary statis-
tics required by our estimator include the first two moments in each selected model along with some
compressed information from the model selection. Our estimator, unlike the debiased LASSO estima-
tor, does not require us to store, report, or estimate the inverse of a high-dimensional matrix. As shown
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by our simulation studies, the introduced estimator can not just mitigate bias from model selection, but
also yield higher statistical efficiency than popular alternatives including off-the-shelf alternatives such
as splitting.

In our paper, we focus on the LASSO or the ¢;-penalty. However, the proposed debiasing correction’s
form, and consequently the estimator, can be expanded to a larger class of penalties that result in
an approximate polyhedral geometry with model selection. For this class of penalties, our primary
construct relies on the asymptotic linear representation in the selected model, which we presented in
Lemma 3.4. The only difference would be in the summary statistics required for aggregation, which
might vary depending on the specific penalty used and might be different from those needed for model
selection with the LASSO. Therefore, we believe that our approach will find applications beyond the
LASSO penalty for model selection.

Interval estimation, which requires us to characterize the distribution of the aggregated estimator, is
a challenging question and a natural next goal. We hope to address the problem of interval estimation
with our proposed scheme in future work.

Appendix

We provide a proof of our main theoretical result in this section.
We introduce some important convex functions that we will need to prove Theorem 3.10. Let

e (1 I B G
DNk(%ZEY Zk)""lf_zlf{i(l—rk) lf”k(Z—V"'Ezkl(k) Zp(Z-v+ Wzklé’k)
k k

1
e g ),
(ClNk)z SEk( NkE)
and let
P (10) =sup¥'110 — D, (7), (20)
y

which is the convex conjugate for Dy, . Similarly, let

) 1o — . (1 T U B
DNkG'):EV Zk7+11?1f{§(1_”k) lrk(Z_Y"‘EEklévk) Zp(Z-y+ Ezklfk)
g k k

1
+ mBSEk (aNkE)},
k

and let ¢Nk be the corresponding convex conjugate.

Proof of Theorem 3.10. First, we note that our carved estimator is equal to

1 _ . 1 _
— N @, = |2 ' VD, (— Nkyk), 2D

anNy; anNy

where VD y, is the gradient of D, . This is because

- o . 1~
VDN, (7) =27 = (1 —r) " ric 2 (Z -7+ Ezklé’k),
k
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where
ol sy Nes (= =~ 1 sy
@) =arginf, {30 -r) ' re (7-7+ —5¢'a) S (2-7+ —5'a
ANy ANy

1
+——B,, (an,Z }
(aNk)z ka( Nkr‘)
and z* ( VN yk) A VNiZk, where %y is defined in (12).
Also, deﬁne

— —~ . 1 ,_
Po,n; (m0) = logP [Ek = Ex, Slgn(ﬁkm) = SEk] + 57702;( 0,

1
(aNk)2

where 1o = Zgyo. Let Amax and A, be the largest and smallest eigen-value of . Now, we have

2| ~
[”_JN,((" carve _ a)” |Ek = Ek,sign(,gl(cl‘)) =SE;,

! )
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The second display uses (20) and (21) to deduce:

1 1 .
Nk)’k) =e/3;'VDy, ( Nk)’k) Ny, .
an, an,

k
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ANy k

The third display uses the fact that Vﬁ&i is Lipschitz with constant C where C = (1 —rg)~ lﬂmax(ik).
The last display follows after using the standard triangle inequality for decomposing the preceding
expectation. For the decomposition shown in the last display, it is easy note that the expectation in
the first term is O(1). Observe that VﬁNk(-), in the second display, is Lipschitz, because it is the
gradient of the conjugate of a strongly convex function. Using the fact that Si-Zk=o0 p(1) inouriid.
framework, jointly with the condition in Assumption 3.9, we deduce that the expected value of the
second term is O(1). By utilizing the convexity of ﬁo, N, and the pointwise convergence demonstrated
in Proposition 1.3 (in the Supplementary Material), we observe that the third term converges to 0 as
an, — oo, and otherwise it is O(1). This completes our proof. O
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We turn to deriving a feasible value for the observed Fisher information matrix in order to estimate
the variance of the carved estimator. To this end, the limiting value for the probability of selection in
Proposition 1.3 (included in the Supplementary Material) gives rise to an approximate log-partition
function in terms of 79 = X;yo. Note that 79 is the natural parameter in the asymptotic distribution of
the refitted least squares estimation after conditioning on the selection event.

Letting
\/NkT] =ang 1o,
observe that the approximate log-partition function based on Proposition 1.3 is given by:
a2
Nk ’
Tnoik no -~ “{ (7 = ¢ '10) 2k (¥ = ¢ 'mo)
Y.<
1 1 1
+5(1=re)” 'r(@-v+ —E ") Sk (Z-7 + —Z ")+ —— an )2 By, (aNkZ)}
N _ . 1y - (22)
= Sy - inf {5 (Wiy = YNz ) s (VNey - Vs; )

| . L .
+§(1—Vk) Uk (WNkz = Ny + 2 00 S (WNkz = VNky + 21 80
+BSEk(\/NkZ)}.

The last display is derived by reparameterizing an, ¥ = VNy, an, 2 = VNkz. Denote by P, (17) the
approximate log-partition function in the last display, which we use to obtain an operational expression
for the observed Fisher information matrix next. We plug in the sample estimate for the unknown
covariance X to estimate the value of the observed Fisher information matrix.

Proposition A.1 outlines the derivation of this estimator. The symbol e in the claim denotes a g + s
dimensional block diagonal matrix, where the first s-dimensional matrix along the diagonal is the
identity matrix with s columns and the second g;-dimensional matrix is a matrix of all zeros.

Proposition A.1. Based on the approximate value for the log-partition function in (22), the inverse of
the observed Fisher information matrix assumes the following expression:

= - -
e (1—rk)—lz;1_(1—rk)—2r]§ ((1—Vk)“rkzk+VzBsEk(\/Nka)) )el.

Proof. Using the approximate expression for the log-partition function in (22), the observed Fisher
information submatrix is equal to

—~

AL PNk(Zkacarve)Zkel =[Sk Vy Siey

where y* equals

_ 1 s
argsup\/Nk)’ SiVNiy cawe—E\/Nk?"Zk Ny

- irzlf{i(l — 1) " e (WNkz = VNky + 27100 S (WNkz = Ny + 25 ) (23)

+BsEk(\/N_kZ)}-



2566 S. Panigrahi, J. Wang and X. He
Solving (23) gives us

VN = SNy + (1= ) ™ i E (\/N_W* -3 - Nkfk) ,
where

(1=ri) ™'z ( Nizk = VNky™ + i;:lé“k) + VB, (VNizi) =0.

The former equations yields y* = ¥y, using the expression for our carved estimator. Taking further
derivatives, we obtain

_ -1 _
VyZk = ((1 =) Sk + VzBsEk (VNka)) (1=r) "'z,

~ ~ -1
Vy* = ((1 —r) - (1= rk)flrkaVy*Ek)
- —~ —~ -1 ISR
= ((1 —r) T T = (=) T e Z ((1 _rk)_lrk2k+szsEk(\/Nka)) (1 =ri) lrka) :
Then, the inverse for the Fisher information matrix is given by:
- ~ -1
(=m0 S = (1 =) (=07 e+ V2B, (N0

which directly leads to our claim in the Proposition. o
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