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ABSTRACT

In the past decade, the increased availability of genome-wide association studies summary data has
popularized Mendelian Randomization (MR) for conducting causal inference. MR analyses, incorporating
genetic variants as instrumental variables, are known for their robustness against reverse causation bias
and unmeasured confounders. Nevertheless, classical MR analyses using summary data may still produce
biased causal effect estimates due to the winner’s curse and pleiotropy issues. To address these two issues
and establish valid causal conclusions, we propose a unified robust Mendelian Randomization framework
with summary data, which systematically removes the winner’s curse and screens out invalid genetic
instruments with pleiotropic effects. Unlike existing robust MR literature, our framework delivers valid
statistical inference on the causal effect without requiring the genetic pleiotropy effects to follow any
parametric distribution or relying on perfect instrument screening property. Under appropriate conditions,
we demonstrate that our proposed estimator converges to a normal distribution, and its variance can be well
estimated. We demonstrate the performance of our proposed estimator through Monte Carlo simulations
and two case studies. The corresponding R package MRcare is available at https://chongwulab.github.io/
MRcare/. Supplementary materials for this article are available online, including a standardized description
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of the materials available for reproducing the work.

1. Introduction
1.1. Background and Motivation

Drawing inferences about cause and effect lies at the core of
uncovering essential scientific principles. In biological and
biomedical sciences, causal inference deepens our understand-
ing of underlying etiology and advances developments in disease
diagnosis, treatment, and prevention. While observational data
present unique opportunities for causal inference by employing
large and rich datasets, causal discoveries from observational
studies are often susceptible to unmeasured confounding and
reverse causation bias issues (Smith and Ebrahim 2004; Imai
et al. 2011; Flegal et al. 2011; Gelman and Imbens 2013). As a
remedy, Mendelian Randomization (MR) has become a popular
research design. Its popularity is not only ascribed to the fact
that MR mitigates unmeasured confounding bias by using
genetic variants as instrumental variables (IVs) to assess the
causal relationship between exposures and outcomes but also
credited to the increasing availability of large-scale genome-wide
association studies (GWAS) summary data on various complex
traits (Smith and Ebrahim 2004; Didelez and Sheehan 2007;
Lawlor et al. 2008; Skrivankova et al. 2021).

However, MR with GWAS summary may still produce biased
estimates of causal effects due to several sources of bias. These
include measurement error in exposure GWAS, winner’s curse
bias resulting from using the same exposure GWAS for both

IV selection and effect estimation, and most crucially, bias from
including invalid IVs with pleiotropy (Sadreev et al. 2021). First,
the effect of IV on exposure is measured by exposure GWAS,
which inherently contains measurement error. Ignoring such
measurement error can produce biased causal effect estimates,
especially when the strength of IVs is weak (Ye, Shao, and Kang
2021; Ma, Wang, and Wu 2023). Second, the practice of selecting
genetic instruments based on their estimated associations with
the exposure variable from GWAS, and using the same data for
both instrument selection and estimation, can lead to biased
causal effect estimates due to the winner’s curse phenomenon
(Zollner and Pritchard 2007; Zhong and Prentice 2010; Gkatzio-
nis and Burgess 2019). Lastly, typical MR analyses inevitably
involve some invalid IVs that either directly affect the outcome
or through unmeasured confounding factors—a phenomenon
known as pleiotropy (Hemani, Bowden, and Davey Smith 2018;
Watanabe et al. 2019). The nature of pleiotropy is widespread
and usually unknown or complex (Watanabe et al. 2019). Failure
to fully account for pleiotropy will also lead to biased causal
effect estimates.

A broad literature addresses the biases discussed above to
improve the credibility of MR analyses, yet no single approach
can simultaneously tackle all these biases. Some methods have
made progress in addressing individual issues. For instance, Ye,
Shao, and Kang (2021) formally tackled the measurement error
bias in the popular inverse variance weighted estimator, while
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Ma, Wang, and Wu (2023) proposed a randomized instrument
selection and Rao-Blackwellization procedure to address both
measurement error bias and winner’s curse bias. However, the
validity of these methods relies heavily on the assumption that
all IVs either have no pleiotropic effects or exhibit balanced
pleiotropic effects—an assumption unlikely to hold in prac-
tice due to the unknown and complex nature of pleiotropy
(Watanabe et al. 2019), potentially leading to biased causal effect
estimates.

To account for widespread pleiotropy, many robust MR
methods have been proposed. These methods primarily focus
on addressing the issue raised by invalid IVs, but often at the
expense of neglecting measurement error and winner’s curse
biases. They can be broadly categorized into two strategies.
The first strategy imposes normal mixture model assumptions
on the pleiotropic effects. By modeling the observed GWAS
summary data within a joint likelihood function, these methods
simultaneously estimate the unknown parameters and the
desired causal effect. Such methods include RAPS (Zhao
et al. 2020), ContMix (Burgess et al. 2020), MR-APSS (Hu
et al. 2022), MRMix (Qi and Chatterjee 2019). However, as
demonstrated in our simulation studies, when the normal
mixture model assumption is violated, these approaches tend
to produce false positive findings or have low detection power.
Moreover, incorporating procedures to address winner’s curse
bias, such as that proposed by Ma, Wang, and Wu (2023), is
challenging within this framework as it may violate parametric
modeling assumptions and result in an incorrect likelihood
function. The second strategy avoids imposing parametric
modeling assumptions on the pleiotropic effects. Instead, it
adopts penalization methods to screen out invalid instruments
with pleiotropic effects, using only the selected valid instruments
for causal effect estimation. Such methods include, for example,
cML (Xue, Shen, and Pan 2021) and MR-Lasso (Luo, Wang,
and Tsai 2008). However, these methods either lack rigorous
statistical justifications or require that the selected IVs are valid
and include all valid IVs (a condition we refer to as “perfect
IV screening”). For example, Xue, Shen, and Pan (2021) prove
that their procedure can screen out all invalid IVs with a
probability tending to one under the asymptotic regime where
the number of IV is fixed, and the sample size tends to infinity.
When this is achieved, the resulting causal effect estimate is
consistent and asymptotically normal. However, the theoretical
results under this asymptotic regime do not account for how
the magnitudes of the pleiotropic effects impact the validity
of statistical inference. In fact, perfect IV screening is often
unattainable when the pleiotropic effects are small, and the
differences between valid and invalid IVs in MR studies are
subtle. Notably, two-sample MR is a rapidly evolving field with
numerous methodological advancements, such as (Morrison
et al. 2020; Liu et al. 2023; Grant and Burgess 2024). For
comprehensive reviews of statistical methods in MR, we refer
readers to Sanderson et al. (2022) and Boehm and Zhou (2022).

1.2. Contribution

To bridge the aforementioned gaps in the existing literature,
we propose a unified MR framework with summary data that
simultaneously addresses winner’s curse bias, bias from mea-
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surement error in exposure GWAS, and bias from invalid IVs
with pleiotropy (Section 3). Specifically, we propose an Iy con-
strained optimization framework that can simultaneously screen
out invalid IVs, account for measurement error, and seamlessly
integrate with the winner’s removal step from Ma, Wang, and
Wu (2023). Moreover, we demonstrate that the proposed I
constrained optimization framework maintains computational
efficiency due to the special form of our objective function. Fur-
thermore, to improve statistical efficiency, we adopt a bootstrap
aggregation procedure and use a nonparametric delta method to
perform valid inference on the final causal effect.

On the theoretical side, we provide comprehensive theoreti-
cal investigations of the proposed method in Section 4. We prove
that the final estimator in our proposed method is asymptoti-
cally unbiased and converges to a normal distribution even in
the presence of directional pleiotropy. Moreover, different from
existing theoretical analyses in robust MR, we show that our
method can deliver consistent causal effect estimates without
perfect invalid IV screening; see detailed discussion in supple-
mentary material Section S.6. In brief, our theoretical investiga-
tion indicates that our proposed method can screen out IVs with
large pleiotropic effects, and the resulting causal effect estimator
remains consistent even if the selected IVs include some invalid
ones with small pleiotropic effects. These theoretical investiga-
tions better characterize scenarios where our method performs
well and demonstrate its robustness.

Benefiting from the above features in both methodological
and theoretical aspects, we demonstrate that our proposed MR
framework delivers robust causal effect estimates with improved
statistical power in simulated Monte Carlo experiments (Sec-
tion 5) and in two case studies (Section 6). From our sim-
ulated Monte Carlo experiments, we confirm that our pro-
posed method outperforms benchmark methods in terms of
Type 1 error rates, power, absolute bias, mean squared error,
and coverage probability in most scenarios. The results also
highlight the importance of simultaneously correcting the win-
ner’s curse bias and accounting for measurement error bias
and generic pleiotropic effects. From our case study of negative
control outcome analyses, in which the population causal effects
are believed to be zero by design, we confirm that our approach
yields well-controlled Type I error rates (Section 6.1). From our
case study to identify causal risk factors for COVID-19 severity,
our approach identifies more causal risk factors than the existing
approaches, and the identified causal exposures by our proposed
method have more supporting evidence.

2. Framework and Challenges

In this section, we review the classical two-sample Mendelian
Randomization (MR) framework with summary data. We then
revisit the pleiotropic effects, measurement error bias, and win-
ner’s curse bias within this framework.

Referring to the causal diagram in Figure 1, we let X denote
the exposure, Y the outcome, and U the unmeasured con-
founder between the exposure and the outcome. The goal of
MR analysis is to estimate the causal effect (denoted by ) of
the exposure variable X on the outcome variable Y. However,
in the presence of unmeasured confounder U, it is challenging
to directly estimate 0 solely using the information stored in X
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Figure 1. The causal diagram and GWAS (I) and (Il) summary data adopted in the
two-sample MR. The corresponding causal effect for each pathway is labeled near
the directed edge.

and Y. To overcome this, two-sample MR analyses incorporate
p mutually independent SNPs Gy, . . ., G, as instrumental vari-
ables (IVs) and estimate 6 using the estimated association pairs
{(ﬁxj, ,316.)}521 collected from two independent GWAS datasets,

where /§Xj and Byj are the estimated effect sizes for IV j in expo-
sure and outcome GWAS, respectively. Here, genetic variant
G; € {0, 1,2} represents the number of effect alleles of a single-
nucleotide polymorphism (SNP) j inherited by an individual.
Following the two-sample summary-data MR literature (Zhao
et al. 2020; Ye, Shao, and Kang 2021), we assume the following
linear structural equation model:

p
U= ¢G+Eu,
j=1
p
X =Y %G+ BxvU+Ex, (1)

=1
p

Y = Z‘X]‘Gj + ByvU + 6X + Ey,
=1

where Ey, Ex, and Ey are mutually independent random noises.
Ey is independent of (G, . . ., Gp), and Ex and Ey are indepen-
dent of (Gi, ..., Gp, U). To allow for the valid inference of the
causal effect 8, we need Gi(j=1,...,p)tobe valid IVs in the
sense that they satisfy the following three conditions: (a) y; # 0,
meaning that G; is associated with X (relevance assumption);
(b) ¢; = 0, meaning that G; has no correlated pleiotropic effect
with Y (effective random assignment assumption); (c) &j = 0,
meaning that G; has no uncorrelated pleiotropic effect with Y
(exclusion restriction assumption).

Provided that all included genetic IVs are valid, two-sample
MR analyses can deliver valid inference on 6 by appropriately
using information stored in two independent GWAS datasets.
To provide some justifications for this claim, we follow the causal
model proposed in Pearl (2009). In particular, in the structural
equation models given in (1), the total effect of SNP G;j on Y and
the total effect of Gj on X are given by:

By, = E[Y|do(Gj = g + 1] — E[Y]do(G; = g))]
=aj + Byugj + 0 - (v; + Bxud)),

Bx; = E[X|do(G; = g+ 1)] — E[X|do(G; = g))]

=Y+ Bxu9;.

For a valid IV Gj, when G; satisfies ¢; = 0 (effective random
assignment assumption) and o; = 0 (exclusion restriction
assumption), the target causal effect 6 will satisty ,BY]. = O,BXJ.,
where By, = y; and By, = 0y;. If the relevance assumption
¥j # 0 is also met, we are then able to use By, and By; to assist
valid inference on 6, as they can be well estimated through the
estimated association pairs {(/§Xj, /§yj)}§)=1 collected from two
independent GWAS dataset in two-sample summary-data MR
framework.

However, in practice, due to the widespread pleiotropy in
human genetics (Hemani, Bowden, and Davey Smith 2018;
Watanabe et al. 2019), the effective random assignment (¢; = 0)
and exclusion restriction assumptions (oj = 0) are frequently
violated, leading to invalid IVs. In the presence of invalid IV,
the total effect of Gj on Y can be expressed as

By, =0 -Bx,+ o +Byu-¢j=0-Px+r. (2)

—— —~— ——
causal uncorrelated  correlated
effect pleiotropy pleiotropy

Here, q; is the uncorrelated pleiotropic effect that captures the
direct effect of Gj on Y, and Byy - ¢; is the correlated pleiotropic
effect that captures the effect of G; on Y through the pathway
Gj — U — Y. Their combined effect, r; = o; + Byu - ¢;,
represents the total effect of a genetic variant G; on the outcome
Y induced by pleiotropy. These violations make it challenging to
accurately estimate 6 using MR. If not appropriately accounted
for, genetic pleiotropy can result in biased causal effect estimates
in MR analyses (see Section 5 for our simulation results).

On top of the potential bias induced by pleiotropic effects,
two additional sources of bias in MR analyses are measurement
error bias and winner’s curse bias. Measurement error bias arises
from the fact that the true effect of an IV on the exposure,
Bx;» is unobserved. Instead, we rely on BXJ» an estimate derived
from exposure GWAS (I), which inherently contains measure-
ment error, to conduct MR. The winner’s curse bias, on the
other hand, is induced by pre-selecting IVs that are strongly
associated with the exposure variable to meet the relevance
assumption (that is, y; # 0). This selection exercise is often
based on hard-thresholding measured SNP z-scores obtained
from GWAS (I): SNP j is selected if |,3}9/0le > A, where A is

a pre-specified cutoff value, and /§Xj and oy; are estimated effect
size and its standard error from exposure GWAS dataset, respec-
tively. The selected IV's are then used to construct downstream
causal effect estimators. The selected IV-exposure associations
tend to overestimate the underlying true association effects Bx;,

as the distribution of any BX]. that survives the selection is a
truncated Gaussian and the post-selection mean is no longer fx;

when commonly used Gaussian assumption on ﬁxj is adopted.
Subsequently, by doubly using the data in GWAS (I) for IV
selection and estimation, classical MR estimators are expected to
be biased and have an intractable limiting distribution, making
statistical inference problematic.

In the rest of this manuscript, we employ the following model
frequently adopted in the Mendelian Randomization literature
(Qi and Chatterjee 2019; Zhao et al. 2020; Xue, Shen, and Pan
2021):



Assumption 1 (Measurement error model). (i)For any j # f,
(ﬁyj, BXj) and (,3yj, , BXJ-/) are mutually independent. (ii)For each

j, the association pair (/§Yj, ,éxj) follows

f%g ~ ﬁiK‘ CT%- 0
o] 3 2))

Furthermore, there exists a positive integer n — 00 and positive

constants m and M such that 2 < 0} < Mm< op < M for
n - n n Jj n
j=1...,p.

The assumption of independent SNPs, while seemingly strin-
gent, is grounded in established practice in two-sample MR
analyses (Zhao et al. 2020; Ye, Shao, and Kang 2021; Ma, Wang,
and Wu 2023). This approach helps ensure that each selected
SNP represents a signal from a unique genetic locus, thereby
mitigating potential confounding effects from LD and facilitat-
ing clearer interpretation of causal effect estimates. We acknowl-
edge that alternative cis-MR methods such as Transcriptome-
Wide Association Studies (TWAS) (Gusev et al. 2016; Wainberg
et al. 2019) and Proteome-Wide Association Studies (PWAS),
effectively use correlated SNPs, particularly for investigating
relationship between omics and complex traits. However, as the
reviewer suggested, when inferring causal relationships between
complex traits/diseases (such as the two case studies in Section
6), using independent IVs from the whole genome is typically
efficient enough and simple to implement. This strategy is also
widely adopted in the literature. Therefore, in line with this
common practice, we adopt the independence assumption. To
ensure independent IVs, we apply a sigma-based LD pruning
method (Ma, Wang, and Wu 2023).

3. Methodology

3.1. Measurement Error Correction and Invalid IV
Screening

To estimate the causal effect 6, a straightforward approach is to
replace the population association effects with their empirical
estimates from GWAS in the causal structure equation in (2).
Given that all population associations are measured with error
in GWAS, the sample analogue of the structure equations can
be represented as the following two-stage regression model with
measurement errors:

,BYJ = 0 ,BX]. + 1+ v,
target

response true unknown  noise
parameter .ouariate  parameter

ﬂXj = ﬂX] +uj>
[N —

covariates are
measured with error

where v; and u; are centered noises.

To operationalize an accurate estimate of 6 using the above
two-stage least squares model, we first consider a situation where
a set of IVs with Bx; # 0 (denoted as S) is known. Our method
does not require S to be known, and we will discuss the selection
of S and the practical implementation of our algorithm in the
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next subsection. With a known S, we propose estimating 6 by
solving the following constrained optimization problem:

min (6, {r}jes) = > i(e:m)

jeS
sy By =0 By - 0oy
= Z o2 - Z o2 L=y,
jeS Y; jeS Y;
s.t. Z Li=0) = v. 3)

jeS

Intuitively, the objective function above is a bias-corrected least
squares function designed to account for measurement error,
subject to the constraint that the adopted IVs for estimating 6
are valid. In the following, we will show that the optimization
problem above not only accounts for the measurement errors
in BX,- but also accurately identifies invalid IVs with r; # 0.
This is achieved with computational efficiency, even when an
lp-type constraint is adopted. As a result, the solution of this
optimization problem provides an accurate estimate of 6.

To start with, when the set of IVs with r; = 0 is known,
the solution of the above optimization problem provides an
unbiased estimate of 6. As in this case, we have

1 (By, — 0 - Bx,)?
L®) £ minl(9, ()ies) = 5 ) — 5
! jev GYJ'

2 .2
6 - oK,
-

—%Z

jev %,

J
We can verify that L(6) is unbiased for the weighted least squares

loss function in the sense that IE[L(Q)] = E[ ZjeV(BYj -0 -

ﬂxj)z/ (2012,]_ )]. This suggests that its minimizer is unbiased for
the causal effect 6.

Next, as the set of IVs with r; = 0 is unknown, Problem
(3) incorporates an [p-type constraint to screen out invalid IVs.
While classical lp-type optimization problems are solved by their
convex relaxations, this technique does not apply to our problem
due to the inclusion of a measurement error bias cogrection term

o3
in our objective function (i.e., the term Zjes 62. 0—? 1(rj = 0).).

To address this issue, we propose an iterative aléorithm that
mimics block coordinate descent and guarantees the decay of
our objective function in Algorithm 1; see justification in the
supplementary material Section S.1.

Lastly, the number of valid IVs v is unknown and requires
tuning. To choose the final set of valid IVs, we propose a gener-
alized Bayesian Information Criteria (GBIC), that is:

GBIC(v) = =216 (), (") jep) +n- 5= v), s =18,

where k, = log(n), and choose the final set of valid IVs by
minimizing the GBIC. The proposed GBIC with «, = log(n) is
different from the classical BIC criteria that adopts k,, = log(sy).
The reason for this choice is that the classical model selection
consistency result of the BIC is established in the asymptotic
regime with fixed s,. As we are in an asymptotic regime with
s, — 00, our proposed GBIC criteria adjusts «, accordingly
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Algorithm 1: Algorithm to solve the optimization problem in (4)

Input: Data inputs and initial parameters
Output: Estimated parameters 6 and 7;

e . . By; By,
Initialization Set k = 0, generate 0© ~ Uniform <m1n1<j<5A El’ max <j<s, %),
- Xj - X

Block Coordinate Descent

J

repeat
Fix %, update rj(kH);
2
By, —0® fy. 053,
Order ( b — 5 RB) — 0)2(7 = j=1,2,...,s, — vindecreasing order;
Yj Yj
Set r}kH) = Byj — G(k)BXj,RB for the largest s, — v components,j = 1,...,s, — v, and r]-(kH) = 0 for
j=sn—v+1,...,8;
Fix r;kH), update 6 by minimizing the following objective function:
A 0 2 (k+1) 2 92 A2
(k+1) . ﬁYj - v ,BXj,RB -7 — 07 0x;rp
0 = argmin 5 ]l(rgk+1>=0).
peR ieSy ij J
If WJ;Z—,Q‘Q(M < 1077 then Stop and output é(v) = 9*+D and ri(v) = r;kﬂ) ;
elseSetk=k+1;
o | gktD gk —7.
until ’9<—k> <1077
end
Valid IV Selection via GBIC
forv=2,...,s; do
Calculate
GBIC(v) = —21 (é(v), {%j(v)}jef,) +log(n) - (s — v);
end
Select V with the smallest GBIC(v);
end

to ensure invalid IV screening consistency. In particular, in Sec-
tion S.6 of the supplemental material, we demonstrate that our
procedure provides a consistent causal effect estimator without
requiring the perfect IV screening property under a simplified
scenario and Conditions 1-2 and 8-9. One of these conditions
imposes a constraint on the penalization coefficient k,: k, >
log(sy). We argue that k,, = log(n) is a feasible choice to satisfy
this condition, as the order of the sample size is typically larger
than the order of the number of selected relevant IVs in a two-
sample MR study.

3.2. Unknown S and Practical Implementation

We now consider the realistic scenario where the set S is
unknown. Because the collection of relevant IVs is not known,
practitioners typically perform a pre-selection procedure to
identify IVs strongly associated with the exposure. These
selected IVs are then used to estimate the causal effect. As
discussed in Section 2, selecting genetic instruments based on
their estimated associations with the exposure variable from
GWAS and using the same data for both instrument selection
and estimation can lead to biased causal effect estimates due to

the winner’s curse phenomenon. To address the issue of winner’s
curse bias when § is unknown, we integrate the proposed
method from the previous section with the approach described
in Ma, Wang, and Wu (2023) to perform Rao-Blackwellized
randomized instrument selection.

For each SNP j = 1,2,...,p, we generate a pseudo SNP-
exposure association effect Z; ~ N(0,n?), and select SNP jif
P + ZJ‘ > A. Define the set of selected SNPs as S = {] :

ox.
X

Bx; . . L
J—X;—i—Zj‘ >Aj=12,... ,p} and its cardinality |Sy | = s,. For

each selected SNP j € Sy, we construct an unbiased estimator of
Bx; as

~ ~ ’ A _ A‘_
Bx;re = Bx; — 7% (A;+) — #(4)-)

, wh
71— oA+ o)

Bx A
) :l: =,

UX]‘ n n

Aj,:l: = —

¢(-) and ®(-) denote the standard normal density and cumu-
lative distribution functions. Here, 7 is a pre-specified constant
that reflects the noise level of the pseudo SNPs. We recommend



using n = 0.5 as a default value (Ma, Wang, and Wu 2023).
This choice balances the need for sufficient randomization to
address the winner’s curse bias while maintaining the stability
of the selection process. The above procedure only randomizes
the IV selection near the cutoff value A, which implies that
the strong IVs with large Bx; are invariably selected. Here, the
choice of the significance cutoff (1) for selecting IVs presents a
trade-off between including a sufficient number of informative
IVs and maintaining the overall strength of the selected IV
set. While lowering the cutoff may improve statistical power
by incorporating more IVs with moderate effects, setting it too
low can introduce weak or null IVs that potentially violate the
relevance assumption and compromise the validity of the MR
analysis. In our proposed method, we provide a sufficient condi-
tion to ensure the asymptotic normality of the estimator, which
depends on the average strength of the selected IVs relative to
the cutoff value. Specifically, we choose a cutoff of 5 x 107>,
commonly used as a threshold for suggestive significance in
GWAS, to strike a balance between including informative IVs
and maintaining the validity of the selected IV set. We note that
Rao-Blackwellization has also been applied in Bowden and Dud-
bridge (2009) to efficiently combine information from an initial
GWAS and a replication study to obtain unbiased estimates of
SNP effect sizes. Our approach differs as we do not require a
replication study to construct an unbiased estimation for fx;
(see supplement materials Section S5 for details). Benefiting
from such randomized IV selection, ,BAXJ.,RB is free of winner’s

curse bias, implying that E[,éXj,RB lieSil= Bx;. Therefore, our
proposed bias-corrected least squares objective function and Iy
constraint optimization framework in the previous section can

be applied:
Y A—0) = . (4)
jeSH

min

0,{r
0eR,reR ( {]JESA

We also implemented two Ij-type methods and make com-
parison with our [y based method through simulations. Our
results demonstrate that while both approaches maintain com-
parable Type I error control, absolute bias, mean squared error
(MSE), and coverage probability across various scenarios, the [y-
based CARE method achieves higher statistical power. We have
added relevant descriptions, methods, and results in supplemen-
tal material Sections S.2, S.3, and S.8.12. where the loss function
is defined as

Z (BY] -0 ﬁXj,RB - rj)z
2

=Y i) =

16, {rj)jes,)

(o2
jES) JES). ¥j
2 A2
o UX],RB
1
(rj_O),
YJ

2 < 1 Aj¢(Aj+) — Aj—d(Aj-)
=ox|l——
YU 1- 0@ + 2(4)0)
1/ (A —o(4;) z)
tr(Cetnrens) )

25
b

3.3. Bootstrap Aggregation and Statistical Inference

Since the IV screening step can be rather noisy and we do not
expect to perfectly screen out all invalid IVs, we next incorporate
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bagging (or bootstrap aggregation) (Breiman 1996) to reduce IV
screening variability and to further improve statistical efficiency.
Then, we adopt the nonparametric delta method Efron (1982) to
construct a confidence interval for our bagged estimator.

To be specific, we draw bootstrap sample B times from S;,. For
the bth bootstrap sample (Denoted by S ), we adjust the loss

function as (6, {ri}jes, ) = Yies, W ]*bi(Q rj), where w is the
number of occurrences in S5, for jth IVs in S,. Then, we con-
duct the invalid IV screening step for each bootstrap sample S5,

and select V;, = { j: rjb =0and je SA,b} . The downstream
causal estimator is derived by aggregating the estimated effects

from all bootstrap samples, that is:

Zjef/b 'BYJ"BXJ"RB/U%J- JURS
TR O=12> 0
Zjeﬁb (ﬂXj,RB -

Oy = >
0%,r)/ Y, b=1

where 6y is obtained by refitting the loss function 2(9, {rj }j e\}b).
To provide valid statistical inference on the true causal effect
0, we use the nonparametric delta method (Efron 2014) to esti-

. . . ~AD 2
mate the variance of the bagged estimator with 6; = Zje 5,57

where S] = 3 Zb 1 ( -3 Zk IW]k) (6p — 0). Then we
construct a (1 — «)-level confidence interval for 6 with [9 —

Zaj2 * Ons g+ Za)/2 - 5n]. Here « is the upper «/2-quantile of the
standard normal distribution.

In the remainder of this manuscript, we refer to the pro-
posed method as Causal Analysis with Randomized Estimators
(CARE). The formalization of our proposed algorithm can be
found in Algorithm 2. We also provide the discussion on the
time complexity of this algorithm in Section S.1 in supplemental
material.

4. Theoretical investigations

To discuss our theoretical investigations in detail, we begin by
revisiting and introducing notations and assumptions. Recall
that the set of selected IVs after rerandomization is defined as

. B .
S, ={j: o T4l > nj=1...
denoted as | Sy | = s). We next define «,, as the average of squared

standardized IV effects to measure the selected IV strength in
Bz,

1 i

Sa Z 0’}2,

JjES).

, p} and its cardinality is

Sy, that is «;, = . Among the selected IVs after

rerandomization, we denote V, = {j : j € Sy andr; = 0} as
the set of valid IVs in S, and denote its cardinality as |V; | = vy.

Considering the dual sources of randomness in our pro-
posed estimator (one from the original GWAS sample, and the
other from the bootstrap resampling), we separate these two
sources of randomness by denoting the conditional expecta-
tion taken with respect to bootstrap resampling as IE*[ : ] =

E[ 18 {¢ Byj, B X zs) }].e 5, ] . Next, we introduce three additional

assumptions for our theoretical investigations:

Assumption 2 (Variance stabilization). There exists a variance
stabilizing quantity a, and a vector T € R* in which each com-

ponent is independent of {(u), vj) }j cs; and uniformly bounded
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Algorithm 2: CARE

forj < 1topdo

Generate a pseudo SNP-exposure association effect Z; ~ N (0, n?),

If + Zj| > X, Then select SNP j.
end
Define the set of selected SNPs as ) = {j : U—? +Zj| > A j=12,...,p}and |Sy| = s,
J
forj € S, do
Construct an unbiased estimator of BX].,RB as
R . oox, $(Ais) —o (A Bx, a
,Bj,RBZ,BXj——J (J ) (J ) , where Aj+ = — L4 —
N 1= (A4) + @ (4-) oxm

end

forb=1toBdo

Draw bootstrap sample S}, from S,

Conduct the invalid IV screening procedure for Sy,

end

and ¢ (-) and ®(-) denote the standard normal density and cumulative distribution functions.

. % I R S . *
pmin A h O dnkes): 2o Tmo=ve = Vim={j:h=0je 8},
j€Syy
where [} (9’ {rj}jESA) = Zjes,\ (9 {rJ}JESA)
Select the final estimated set of Vahd IVs VZ‘ by GBIC,
Derive the causal estimator for the bth bootstrap
42 )
5 By, Bx;ze Px,re — OX,re
-1 J ] ) )
ML T ML T
i€V %, i€V Y

Obtain the final estimator by bootstrap aggregation 6= % Zle 6p,
Adopt the nonparametric delta method to estimate the variance of the bagged estimator with

-~y &

jeSi

Construct a (1 — «)-level confidence interval for 6 with [5 —ze

the standard normal distribution.

1B

Z )(eh

6,0 + zg - &n], here z¢ is the upper «/2-quantile of

|

away from infinity in probability in the sense that

sup
JESH

ay - E* [A;l . ﬁ/jb] - l'j‘ = 0p(1),

- 32 2 2 -
where Ay, = Zke& Wib * (BX, rp — OX, z8)/ O, and wj, = w;‘b .
I(?jh =0)- I(w;."b > 1). In addition, there is no dominating IV in
maxjes, Ay,
the sense that —)\2] L)
z:jES)L /SX]

The first part of the above assumption, intuitively, ensures
that our estimator 6 converges to a non-degenerative distribu-
tion asymptotically when appropriately scaled by a; /./s) - kx.
This scaling factor accounts for the number of selected

instruments and their average strength, enabling valid statistical
inference. The second part of the condition requires that,
after selection, no single IV exerts a “dominating effect” on
exposure, which aligns with the biological understanding that
complex traits are influenced by many genetic variants with
small effects (i.e., the omnigenic model (Boyle, Li, and Pritchard
2017)). To cast more insight into Assumption 2, in Section
S.4.3 of the Supplemental Material, we consider a special case
where perfect IV screening is achieved. We show that in this
case, Assumption 2 holds for both valid and invalid IVs in
Sy

Assumption 3 (Negligible invalid 1V induced bias). There is neg-
ligible bias induced by potential imperfect screening of invalid



IVs after bootstrap aggregation in the sense that

a

mE*[A;1 Zﬁxj,RB : 7’]' . 12/]b/o—)zfl] = Op(l).

jESA

Our theoretical investigations reveal two sets of sufficient
conditions under which Assumption 3 holds (See Sections S.5
and S.6 in the supplemental material). The first set of sufficient
conditions ensures that the selected IVs are “nearly perfect;
meaning they are valid but do not include all possible valid IVs.
We show that this nearly perfect IV screening property can be
satisfied when there is strong prior knowledge about the trait’s
genetic architecture or where valid and invalid IVs are easily
distinguishable. The second set of sufficient conditions ensures
Assumption 3 holds even if our proposed IV screening proce-
dure does not screen all invalid IVs. In particular, our analysis
indicates that when IVs with large r; values (strong pleiotropic
effects) are effectively screened out, our estimator maintains
consistency even if the selected set includes some invalid IVs
with small r; values (weak pleiotropic effects). Together, these
theoretical investigations suggest that perfect IV screening is not
a prerequisite for valid inference in our proposed method.

Assumption 4 (Instrument Selection). Define n = min;<j<p n;
and 77 = maxj<j<p 7)), then both n and 7 are bounded and
bounded away from zero.

The above assumption requires that the parameter 1 should
not be too small or too large, as it impacts the concentra-
tion behavior and asymptotic normality of our estimator. This
assumption can be satisfied by design in our method. We recom-
mend using a default value of ; = 0.5 forall j (where 1 < j < p),
which ensures that both 1 and 77 are bounded and bounded
away from zero. This choice simplifies the implementation while
maintaining the theoretical guarantees of our method. Our sim-
ulation study also suggests that our method is not sensitive to
the choice of 7.

We are now in a position to describe the asymptotic behavior
of our bootstrap aggregated estimator. Without loss of generality,
we consider a particular form of our estimator in an ideal case
where § = E*[éb].

Theorem 1. Under Assumptions 1-4, as s, £ coand 5 L
our proposed estimator satisfies the following representation

a, ~ 1 ~
—— - (0—0) = —= ) 71 -uj+0,(1).
VeV ]Zs e

~ _ 3 N _pg(h2 _ 42
where % = By, (6 - Bx; + 1)) Q(ﬂxj,ma o X;,RB)' Therefore,
conditional on the selection event Sy, our estimator converges
to a Gaussian distribution, that is

ZjeSA T]'ZV[aj |S}*]

5 )
ay

&71(67 — 0) ~+ N(0, 1), where 5% =

In the theorem above, we consider the asymptotic regime in

which both s, - 0o and 35 £ 0 tend toward infinity. This
asymptotic regime is quite natural in the context of MR. On the

one hand, s;, = 0o requires the number of IVs selected through
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re-randomization to be large enough, so that our inverse vari-
ance weighting-based estimator exhibits concentrated behavior.

On the other hand, the condition 7% £ o0 does not involve
the bootstrapping procedure; instead, it pertains to the strength
of the selected IVs relative to the threshold A used in the re-
randomization step (Step 1). This assumption ensures that, on
average, the selected IVs are sufficiently strong compared to the
threshold, thereby satisfying the relevance assumption. It is also
likely to hold, as it is of the same order as the GWAS sample size n
after IV selection through re-randomization. From a theoretical
standpoint, both conditions have been rigorously verified in Ma,

Wang, and Wu (2023) under appropriate conditions.

5. Simulations Studies

We generate different simulation settings to evaluate the meth-
ods performance. To save space, the simulation settings are
put into supplementary Section S.8.1. Figure 2 summarizes the
performance of various MR methods under the setting of 50%
of the IVs are invalid, which we discuss below.

First, both ¢cML (Type 1 error rate: 0.136) and MR-Lasso
(0.112) produce inflated Type 1 error rates. This is because cML
and MR-Lasso ignore the randomness in the valid IV selection
procedure and assume all invalid IVs have been screened out,
which is not the case under this simulation setting. In con-
trast, cML-DP (0.042) and CARE (0.042), which explicitly con-
sider the randomness in valid IV selection, yield well-calibrated
Type 1 error rates. Furthermore, other benchmark methods,
including (random effects) IVW (0.056), MR-Egger (0.050),
MRmix (0.020), MR-Median (0.032), MR-mode (0.004), MR-
APSS (0.054) and RAPS (0.038) also yield well-controlled Type 1
error rates, though MRmix, MR-Median, MR-mode, and RAPS
yield slightly conservative Type 1 error rates. Notably, the win-
ner’s curse bias itself does not cause an inflated Type 1 error rate
issue (Ma, Wang, and Wu 2023), partially explaining the robust
performance of many MR methods under the null.

Second, CARE achieves considerably higher statistical power
than benchmark methods (Figure 2(a)). Notably, CARE corrects
the winner’s curse bias and measurement error bias, which
allows for a more liberal threshold (say, p < 5% 107) for instru-
ment selection, resulting in higher power than other methods
that typically use the genome-wide significance level (p < 5 X
107%) as the threshold. Even though MR-APSS, like CARE,
allows aliberal threshold (p < 5x10~°) due to its direct winner’s
curse bias correction without theoretical guarantee, CARE out-
performs MR-APSS, because of its full correction of the winner’s
curse bias and meticulous consideration of measurement errors
and invalid IVs. To assess the influence of the IV selection
threshold, we also compared all methods using the same liberal
threshold of p < 5 x 107>. While some competing methods
showed increased power, this often came at the cost of inflated
Type I error rates and poor confidence interval coverage. CARE
maintained its advantages in terms of bias, mean squared error,
and valid inference (see supplementary Figure S28 for details).

Third, CARE yields smaller absolute bias compared to bench-
mark methods, attributable to its comprehensive approach to
simultaneously addressing multiple sources of bias (measure-
ment error bias, pleiotropic effects, and winner’s curse bias).
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Figure 2. Power, absolute bias, mean squared error, and coverage of the CARE estimator and several robust MR methods under the main setting with 50% invalid IVs.
Power is the empirical power estimated by the proportion of p-values less than the significance threshold of 0.05. Coverage is the empirical coverage probability of the 95%

confidence interval.

In comparison, benchmark methods focus on addressing some
biases specifically, leading to biased results. For instance, while
MR-APSS directly corrects for the winner’s curse bias and con-
siders potential invalid IVs, it still presents a larger absolute
bias compared to CARE, possibly due to its more limited scope
in bias correction and incomplete correction of the winner’s
curse bias. However, while CARE significantly reduces bias,
its estimates are not entirely bias-free. This residual bias likely
stems from the subtle differences between valid and invalid I'Vs.
Consequently, the estimates are inevitably influenced by some
invalid IVs, albeit to a lesser extent than in other methods.
Furthermore, we confirm that ignoring the winner’s curse bias
and directly applying the measurement error model with ,3}9
in CARE generally results in worse performance, particularly
concerning the absolute bias (supplementary Figure S1). As
expected, CARE yields much smaller MSE compared to bench-
mark methods as CARE has higher power and smaller absolute
bias than any benchmark methods.

Fourth, the confidence intervals provided by CARE have
coverage probabilities close to the nominal 95% level. When
the absolute causal effect |0] is large (say, 0.1), the absolute bias
is relatively large, resulting in slight undercoverage of the true
causal effect.

Furthermore, to validate the results are not sensitive to the
specific value of n within a reasonable range, we conducted
sensitivity analyses using different values of n (0.1, 0.3, 0.5,
0.7, 0.9) in our main setting. The results demonstrate that the
performance of our method remains stable and consistent for
n values between 0.3 and 0.9 (Section S.8.6 in supplementary
material). As expected, a very small 1 (0.1) led to worse results,
likely due to insufficient rerandomization to fully account for
the winner’s curse bias. Based on these findings, we recommend

that practitioners use the default value of = 0.5 in most cases
without the need for dataset-specific fine-tuning.

While CARE demonstrates robust performance across var-
ious scenarios, it is important to note its limitations. As one
reviewer suggested, we consider a simulation scenario that the
parameter assumptions of other methods are true (where a
three-sample MR design is used and the first GWAS is reserved
solely for IV selection based on association strength so that the
normality of 3)(]. is not distorted). In this case, some alternative
robust MR methods may outperform CARE, indicating that
other robust MR methods may outperform CARE in a three-
sample MR design (supplementary Section S.8.13). Further sim-
ulations revealed two situations CARE is suboptimal. First, in
settings with nonlinear relationships between genetic variants
and exposures, CARE showed slightly inflated Type 1 error rates,
larger bias, and worse coverage (Section S.8.8 in supplementary
material). This limitation stems from the method’s underlying
assumption of linear relationships, which is common in MR
studies and often justified by the predominantly linear or addi-
tive nature of genetic effects on complex traits (Wainschtein
et al. 2022). Unlike our current approach, which exclusively
uses GWAS summary data to estimate causal effects, recent
advancements have addressed the non-linearity issue through
methods like DeepMR Malina, Cizin, and Knowles (2022), a
deep learning-based approach applicable when individual-level
DNA sequence data are available. Second, CARE’s performance
may be compromised when the sample size of the exposure
GWAS is small, resulting in a limited number of selected can-
didate IVs (Section S.8.9 in supplementary material). This issue
may also arise due to a relatively small number of independent
IVs (Section S.8.10 in supplementary material). Such scenarios
can lead to increased sensitivity to violations of IV assumptions



and challenge our asymptotic normality results, which require
the number of candidate I'Vs to approach infinity. Users should
exercise caution when applying CARE and other MR methods
in these scenarios and consider alternative methods or larger
sample sizes when possible.

In the end, it is worth mentioning that the core algorithm in
CARE is written in C++ using the R package RcppArmadillo,
and each step within the algorithm has a closed-form solution.
Consequently, CARE has similar computational efficiency to
many other methods, such as cML-DP and MRmix (supple-
mentary Figure S4), despite using a larger number of IVs and a
relatively high number of bootstrap iterations (2000). Under the
main simulation setting (12,000 simulations across 30%, 50%,
and 70% invalid IVs), the average computational time of CARE
is 12.6 sec. Notably, the computational time for all methods is
less than a minute in most situations when using one single core
in a server. Thus, computational time should not be the primary
consideration when deciding the method to be used.

6. Case Studies

In this section, we investigate the performance of proposed
CARE in two case studies. We put the data harmonization details
in supplementary Section S.9.1.

6.1. Negative Control Outcomes

To evaluate the Type 1 error rates in real data, we employ
negative control outcome analyses, applying CARE and bench-
mark methods to investigate the causal effect of exposures on
outcomes known a priori to have no causal relationship with the
exposures. Briefly, in these negative control outcome analyses,
the causal effect size is expected to be & = 0 (Sanderson et al.
2021) because negative control outcomes are determined prior
to the exposures. However, unmeasured confounding factors
may affect the estimates of 6. In particular, following others
(Sanderson et al. 2021), we use ease of skin tanning to sun expo-
sures and natural hair color before greying (six outcomes: Ease of
skin tanning, Hair color black, Hair color red, Hair color blonde,
Hair color light brown, and Hair color dark brown) as negative
control outcomes. These data were downloaded from the IEU
OpenGWAS Project (Lyon et al. 2021) with GWAS ID: ukb-b-
533 and ukb-d-1747. Notably, both tanning ability and natural
hair color before greying are primarily determined at birth (thus,
prior to considered exposures) but could be affected by unmea-
sured confounders (Sanderson et al. 2021). In this setting, the
inclusion of invalid IVs due to widespread pleiotropic effects or
unmeasured confounding factors (e.g., population stratification)
may result in incorrect rejections of the null hypothesis (6 = 0)
for MR analyses, leading to inflated Type 1 error rates.

We consider 45 exposures, which include HDL cholesterol,
body mass index (BMI), height, Alzheimer’s disease, Lung can-
cer, Type 2 diabetes, stroke, asthma, and many others. All GWAS
data are downloaded from the IEU OpenGWAS Project (Lyon
et al. 2021), and details of each exposure are relegated to the
supplementary Table 1. These exposures were selected based on
their prevalence in existing literature and relevance to public
health. Specifically, traits such as BMI, height, and HDL choles-
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terol have been extensively studied in genetic epidemiology
and are known to be associated with various health outcomes.
Disease outcomes like Alzheimer’s disease, Type 2 diabetes, and
cardiovascular diseases represent major public health concerns
and have been the focus of numerous Mendelian randomization
studies. This diverse set of exposures covers a wide range of
physiological and pathological processes, allowing us to eval-
uate CARE’s performance across various scenarios commonly
encountered in Mendelian randomization studies. We apply
CARE and benchmark methods to infer causal effects between
these 45 exposures and six negative control outcomes (tanning
ability and natural hair color before greying), resulting in 270
trait pairs. The corresponding p-values should follow a standard
uniform distribution, given that the causal effect size 6 = 0
under the negative control outcomes analysis.

Figure 3 summarizes the QQ-plots of —log,,(p) values for
different methods. First, CARE yields well-calibrated p-values,
indicating its reliability in controlling Type 1 error rates under
this negative control outcome analysis (Figure 3(A)). Similarly,
IVW, cML-DP and MR-APSS also achieve good performance
(Figure 3(B)). In contrast, MR-mix, MR-Egger, RAPS, Cont-
Mix, cML, Weighted-Median, Weighted-Mode, and MR-Lasso
yield inflated p-values (Figure 3(C) and (D)). One may be sur-
prised that widely used IVW achieves good performance. This is
because we make every effort to make a fair comparison between
different methods and use the (random effects) IVW to consider
pleiotropic effects (i.e., invalid IVs) by allowing over-dispersion
in the regression model. As expected, the fixed effects IVW
that assumes all used IVs are valid leads to inflated p-values
(supplementary Figure S34A).

To understand why CARE performs well, we highlight two
aspects. First, selecting valid IVs can be noisy in real data appli-
cations. That explains why cML and MR-Lasso, methods that
ignore the screening variability in IV selection, produce inflated
p-values (Figure 3(D)). Applying bagging reduces the screening
variability and thus helps achieve well-calibrated p-values in
CARE. Similarly, as cML-DP uses a data perturbation method
to account for the screening variability, it also achieves rela-
tively good performance. Second, CARE adopts a rerandomiza-
tion step to select candidate IVs, accounting for the impact of
the winner’s curse bias. Breaking the winner’s curse bias helps
CARE achieve well-calibrated p-values as CARE uses a measure-
ment error model and relies on the unbiasedness estimation of
exposure-SNP effect Bx;. This rerandomization step is crucial
for CARE, and we confirm that applying CARE without the
rerandomization step leads to inflated p-values (supplementary
Figure S34B).

6.2. Risk Factors Identification for COVID-19 Severity

To better understand the underlying causal risk factors for
COVID-19 severity and demonstrate the performance of our
proposed method CARE, we apply CARE and competing
MR methods to systematically identify causal risk factors for
COVID-19 severity. Specifically, we investigate the same 45
exposures used in the negative control outcome analysis and use
COVID-19 severity (B2) from the covid-19hg (B2, version v7,
European ancestry only; (Initiative 2021)) as our outcome data.
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Figure 4. Number of significant causal pairs identified by different methods under Bonferroni-correction threshold < 0.05/45 ~ 1073 using (A) 45 exposures used in
negative control analysis and (B) 24 exposures that are reported by CDC and existing literature.

The dataset includes data from 32,519 hospitalized COVID-19
patients and 2,062,805 population controls.

First, we compare the number of significant causal exposures
identified by CARE and competing methods under the Bonfer-
roni correction (< 0.05/45 ~ 1073) (Figure 4(A)). CARE iden-
tifies 6 causal exposures. In comparison, the competing methods
RAPS, cML-DP, IVW, MR-Lasso, MR-APSS, MR-mix, ContMix,
Weighted-Median, Weighted-Mode, MR-Egger identify 7, 5, 5,
5,4,4, 3,0, 0, and 0 causal exposures, respectively. In terms of
statistical power, CARE ranks second among all MR methods
considered. RAPS achieves the highest power but also yields
inflated p-values in our negative control outcome analysis and
simulations, primarily due to neglecting variability in valid IV
selection step.

Second, we compared the risk factors identified by differ-
ent MR methods to known factors that meet two criteria: (a)
they have been reported by the CDC or in peer-reviewed lit-
erature, and (b) they overlap with the 45 exposures used in
our negative control outcome analyses. Through a comprehen-
sive manual review by two researchers, we identified 24 well-
established risk factors for COVID-19 severity (supplementary
Table 1). Notably, our new method, CARE, demonstrated supe-
rior performance by correctly identifying six of these 24 known
risk factors: BMI, extreme BMI, HDL cholesterol, obesity class
1, obesity class 2, and overweight. In comparison, benchmark
methods showed lower detection rates: MR-LASSO identified
5 risk factors, while cML-DP, IVW, MR-APSS, MR-Mix, and
RAPS each identified 4. ContMix detected 3, and Median iden-
tified 2. Both Weighted-Mode and MR-Egger failed to identify



any risk factors (Figure 4(B)). Importantly, CARE also avoided
false positives, that is, it did not incorrectly identify any factors
lacking strong supporting evidence in the literature. In contrast,
several benchmark methods produced potential false positives.
For example, cML-DP incorrectly identified childhood obesity
as a risk factor, while IVW erroneously identified both celiac
disease and childhood obesity. Finally, when we focus on four
methods with relatively good performance under our negative
control outcome analysis, the result patterns are similar (supple-
mentary Section S.9.2).

In summary, CARE achieves high power in identifying likely
causal risk factors for COVID-19 severity, and the identified risk
factors can be largely validated by complementary analyses and
literature.

7. Conclusion

We introduced a unified two-sample Mendelian randomization
within the summary data framework, referred to as Causal Anal-
ysis with Randomized Estimators (CARE), that accounts for
winner’s curse, measurement error bias, and genetic pleiotropy
simultaneously. Through simulations and biomedical applica-
tions, we demonstrate that CARE delivers robust causal effect
estimates with improved statistical power. More importantly,
the CARE estimator enjoys rigorous theoretical guarantees
under mild assumptions, which is often lacking for competing
methods.
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The supplementary materials contain the following: Author Contributions
Checklist Form; an Appendix, which includes S.1 Algorithm to solve the
optimization problem in (4), S.2 Algorithm to solve the optimization prob-
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ods, S.4 Proof of Theorem 1, 8.5 Invalid IV screening consistency, S.6 An
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8.7 Connections and differences with Bowden and Dudbridge (2009), S.8
Simulation settings and additional simulation results, and S.9 Additional
real data results; and all code, including source code for the algorithms and
replication code for the figures and tables.
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